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SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS
PABLO G. BARRIENTOS, YURI KI AND ARTEM RAIBEKAS
Abstract. We study partially-hyperbolic skew-product maps over the Bernoulli shift with
Ho¨lder dependence on the base points. In the case of contracting fiber maps, symbolic
blender-horseshoe is defined as an invariant set which meets any almost horizontal disk in
a robust sense. These invariant sets are understood as blenders with center stable bundle
of any dimension. We then give necessary conditions (covering property) on an iterated
function system such that the relevant skew-product has a symbolic blender-horseshoe. We
use this local plug to yield robustly non-hyperbolic transitive diffeomorphisms and robust
heterodimensional cycles of co-index equal to the dimension of the central direction.
1. Introduction
Currently hyperbolic systems are quite well understood from the topological and sta-
tistical perspectives, see [BDV05]. A natural objective is to characterize obstructions to
hyperbolicity. In [Pal00], Palis conjectured that generation of cycles (heterodimensional
cycles and homoclinic tangencies) is the only obstruction: every diffeomorphism can be
approximated either by a hyperbolic one or by one with a cycle. This conjecture was proved
for surface C1-diffeomorphisms in [PS00] and in higher dimensions there are some partial
results, see [CP10].
On the other hand, dynamical propertieswhich exhibit some “persistence” play an impor-
tant role in dynamics. A property of a diffeomorphism is robust if there is a neighborhood
consisting of diffeomorphisms satisfying such a property. Bearing in mind this concept,
Bonatti formulated in [Bon04] a strong version of “hyperbolicity versus cycles” conjecture:
the set of hyperbolic diffeomorphisms and the set of diffeomorphismswith robust cycles are
two open sets whose union is dense in the space of C1-diffeomorphisms. This conjecture
was proved in [BD08] for the so-called “tame systems”.
In this paper we study the generation of C1-robust cycles continuing the work of [BD08,
BD12]. One of the main tools used are the so-called “blenders”, which are hyperbolic sets in
some sense similar to the thick horseshoes introduced by Newhouse [New70] in the setting
of homoclinic tangencies. Roughly, a blender is a local plug that guarantees the closure of
an invariant manifold of a hyperbolic set to be greater than the dimension of its unstable
bundle.
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Besides playing a key role in the generation of robust cycles (see [BD08, BD12]), blenders
are also important in other settings such as construction of non-hyperbolic robustly transi-
tive sets [BD96], discontinuity of the dimension of hyperbolic sets [BDV95], stable ergodic-
ity [RHRHTU07], andArnolddifusion in symplectic andHamiltonian settings [NP12, FM01].
The papers [BD96, BD08, BD12] consider blenders having one-dimensional “central” di-
rection, see Definition 1.3. Here, following the ideas in [NP12] we study blenders with
“central” direction of any dimension, which enables us to consider these sets in more gen-
eral settings, and as applications we get the next results.
1.1. Robust heterodimensional cycles and mixing sets. LetM be a manifold and consider
Diff1(M) the set of diffeomorphisms f : M→ M endowed with the C1-topology. A heterodi-
mensional cycle for f ∈ Diff1(M) between a pair of hyperbolic transitive sets Ω1 and Ω2 of
different indices (dimension of their stable bundles) is defined by the relations
Ws(Ω1, f ) ∩W
u(Ω2, f ) , ∅ and W
u(Ω1, f ) ∩W
s(Ω2, f ) , ∅.
The co-index is the absolute value of the difference between the indices of Ω1,Ω2. We are
interested in cycles that cannot be destroyed by perturbations.
Definition 1.1 (Robust heterodimensional cycle). Adiffeomorphism f has a C1-robust heterodi-
mensional cycle associated with its transitive hyperbolic setsΩ1 andΩ2 if there is a C
1-neighborhood
U of f such that every g ∈ U has a heterodimensional cycle associated with the hyperbolic continua-
tions Ω
g
1
and Ω
g
2
of Ω1 and Ω2, respectively.
In [BD08] it is proved that cycles of co-index one yield C1-robust cycles after small pertur-
bations. A key ingredient is the construction of blenders with one dimensional center-stable
direction. Here we consider F : N → N a C1-diffeomorphismwith a horseshoe,M amanifold
of dimension c ≥ 1 and id the identity map. We prove that there are maps arbitrarily close to
F × id having robust cycles. The following result is a generalization of [BD08, Theorem 2.4].
Theorem A. Let F : N → N be a C1-diffeomorphism with a Smale horseshoe. Then there is
an arc { fε}ε∈(0,ε0] of C
1-diffeomorphisms on N ×M such that f0 = F × id and fε has a C
1-robust
heterodimensional cycle of co-index c for all 0 < ε < ε0.
The construction in [BD96] of persistentnon-hyperbolic transitive diffeomorphismsused a
“chain of blenders”,which is a connected family of blenders. Here,we provide an alternative
construction using symbolic blenders (the precise definition will be given in Section 1.3), thus
obtaining a slightly stronger, topologically mixing, version of the theorem. An invariant set
X is topologically mixing for a map g if for any pair of open sets U, V of X there is a n0 > 0
such that gn(U) ∩ V , ∅ for all n ≥ n0.
Theorem B. Let F : N → N be a C1-diffeomorphism with a Smale horseshoe Λ. Then there is an
arc { fε}ε∈(0,ε0] of C
1-diffeomorphisms on N ×M such that f0 = F × id and for every small enough
C1-perturbation g of fε, 0 < ε < ε0, there is a g-invariant set ∆g ⊂ N ×M homeomorphic to Λ ×M
which is a non-hyperbolic topologically mixing set for g.
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1.2. The set of symbolic skew-products. Blenders appear in a natural way in the context of
skew-product diffeomorphisms
f : [−1, 1]n × [−1, 1]→ Rn ×R, f (x, y) =
(
F(x), φ(x, y)
)
,
where n ≥ 2, F : Rn → Rn has a horseshoe Λ ⊂ [−1, 1]n, and the fiber maps φ(x, ·) : R → R
are contractions. Since F|Λ is conjugate to a shift, this map can be studied symbolically. This
leads to consider symbolic skew-product maps Φ over the shift map τ : Σk
def
= {1, . . . , k}Z → Σk
of k ≥ 2 symbols of the form
Φ : Σk ×M→ Σk ×M, Φ(ξ, x) =
(
τ(ξ), φξ(x)
)
, (1.1)
whereM is a manifold and φξ : M→ M are diffeomorphisms depending continuously with
respect to ξ. The set Σk is called base andM is the fiber. In this paper we will work with maps
of the form (1.1) and in order to emphasize the role of the fiber maps we write Φ = τ ⋉ φξ.
Let D be a bounded open set of M. Given positive constants 0 < λ < β, a map φ : D → D
is said to be a (λ, β)-Lipschitz on D if
λ ‖x − y‖ < ‖φ(x) − φ(y)‖ < β ‖x − y‖, for all x, y ∈ D,
where ‖x − y‖ denotes the distance between x and y inM. Fix 0 < ν < 1 and the metric
dΣk(ξ, ζ)
def
= νℓ, ℓ = min{i ∈ Z+ : ξi , ζi or ξ−i , ζ−i}.
For a fixed 0 ≤ α ≤ 1, we say that Φ = τ ⋉ φξ is locally α-Ho¨lder continuous (or that its fiber
maps φξ depend locally α-Ho¨lder continuously on D with respect to the base point ξ) if there
is a constant C ≥ 0 such that
‖φ±1ξ (x) − φ
±1
ζ (x)‖ ≤ CdΣk (ξ, ζ)
α, for all x ∈ D (1.2)
and every ξ, ζ ∈ Σk with ξ0 = ζ0. We denote by CΦ the smallest non-negative constant
satisfying (1.2) and call it the local Ho¨lder constant of Φ on D.
Definition 1.2 (Sets of symbolic skew-products). Let D ⊂ M be a bounded open set, r ≥ 0,
0 < λ < β, 0 ≤ α ≤ 1 and k > 1. We define Sr, α
k,λ,β
(D) as the set of symbolic skew-product maps
Φ = τ ⋉ φξ as in (1.1) such that
• φξ is C
r-(λ, β)-Lipschitz on D for all ξ ∈ Σk,
• φξ depends locally α-Ho¨lder continuously on D with respect to ξ.
The set Sr,α
k,λ,β
(D) is endowed with the distance
dS(Φ,Ψ) = sup
ξ∈Σk
dCr (φξ, ψξ) + |CΦ − CΨ|, (1.3)
where Φ = τ ⋉ φξ andΨ = τ ⋉ ψξ.
Since we will be working with hyperbolic invariant sets generated by contracting or
expanding fiber maps, we will always assume the following hypothesis. In the case β < 1
(contracting fiber maps) then φξ(D) ⊂ D for all ξ ∈ Σk, and if 1 < λ (expanding fiber maps)
then D ⊂ φξ(D) for all ξ ∈ Σk.
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1.3. Symbolic blender-horseshoes. Before introducing our main tool symbolic blender-
horseshoes let us recall the definition of a blender (with one-dimensional center contracting
direction) in [BDV05, BD12]:
Definition 1.3 (cs-blenders). Let f be a C1-diffeomorphism of manifold M and Γ ⊂ M a transitive
hyperbolic set of f with a dominated splitting of the form Ess ⊕ Ec ⊕ Euu, where its stable bundle
Es = Ess ⊕ Ec has dimension equal to k ≥ 2 and Ec is one-dimensional. The set Γ is a cs-blender if it
has a C1-robust superposition region of embedding disks, that is, there are a C1-neighborhood
V of f and a C1-open set H of embeddings of k − 1 dimensional disks into M such that for every
diffeomorphism g ∈ V, every disk H ∈ H intersects the local (strong) unstable manifold Wuu
loc
(Γg) of
the continuation Γg of Γ for g.
To adapt the definition of a blender to the symbolic context we need to define the family
of almost horizontal disks, which provides the superposition region.
Definition 1.4 (Almost horizontal disks). Given δ > 0, 0 ≤ α ≤ 1 and a bounded open set B ⊂M,
we say that a set Hs ⊂ Σk ×M is an almost δ-horizontal disk in Σk × B if there are (ζ, z) ∈ Σk × B
and a (α,C)-Ho¨lder function
h : Wsloc(ζ; τ)→ B such that ‖z − h(ξ)‖ < δ for all ξ ∈W
s
loc(ζ; τ),
with
Cνα < δ and Hs = {(ξ, h(ξ)) : ξ ∈Wsloc(ζ; τ)}.
Here Ws
loc
(ζ; τ)
def
= {ξ ∈ Σk : ξi = ζi, i ≥ 0} is the local stable set of ζ for τ.
In the case of an invariant hyperbolic set of a diffeomorphism, it is known the existence of
local (strong) unstable manifolds. An analogous result holds for the maximal invariant set
Γ in Σk ×D of a symbolic skew-product Φ in S
r,α
k,λ,β
(D) with β < 1 and α > 0 (more details in
Section 2). We denote by Wuu
loc
((ξ, x);Φ) these local strong unstable sets and define the local
strong unstable set of Γ as
Wuuloc(Γ;Φ) =
⋃
x∈Γ
Wuuloc((ξ, x);Φ).
We are now ready to formulate the definition of a symbolic blender.
Definition 1.5 (Symbolic cs-blender-horseshoe). Consider a symbolic skew-product map Φ ∈
S0,α
k,λ,β
(D) with β < 1 and α > 0. The maximal invariant set ΓΦ of Φ in Σk × D is a symbolic
cs-blender-horseshoe if there are δ > 0, a non-empty open set B ⊂ D, and a neighborhood V of Φ
in S0,α
k,λ,β
(D) such that for every Ψ ∈ V and every δ-horizontal disk Hs in Σk × B it holds that
Wuuloc(ΓΨ;Ψ) ∩H
s
, ∅,
where ΓΨ is the maximal invariant set ofΨ in Σk ×D.
The family of δ-horizontal disks in Σk × B is called the superposition region of the symbolic
blenders and the open set B is the superposition domain.
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A special case of symbolic skew-product maps are the one-step ones where the fiber maps
φξ only depend on the coordinate ξ0 of ξ = (ξi)i∈Z ∈ Σk. So, we have that φξ = φi if ξ0 = i,
andwriteΦ = τ⋉(φ1, . . . , φk). Symbolic blenders in the one-step settingwere first introduced
in [NP12]. In this paper, blender-horseshoes are obtained by small perturbations in S0,α
k,λ,β
(D)
of one-step skew-product maps.
Next result gives conditions for the existence of blenders.
Theorem C. Consider Φ = τ ⋉ (φ1, . . . , φk) ∈ S
0,α
k,λ,β
(D) with α > 0 and να < λ < β < 1. Assume
that there exists an open set B ⊂ D such that
B ⊂ φ1(B) ∪ · · · ∪ φk(B).
Then the maximal invariant set ΓΦ of Φ in Σk × D is a symbolic cs-blender-horseshoe for Φ whose
superposition domain contains B.
1.4. Standing notation. Given a bi-sequence ξ = (. . . , ξ−1; ξ0, ξ1, . . .) ∈ Σk the symbol at the
right of “;” is the “0 coordinate” of ξ. We define the local stable/unstable set of ξ for τ as
Wsloc(ξ; τ) = {ζ ∈ Σk : ζi = ξi, i ≥ 0} and W
u
loc(ξ; τ) = {ζ ∈ Σk : ζi = ξi, i ≤ 0}.
Given Φ = τ ⋉ φξ, for every n > 0 and every (ξ, x) ∈ Σk ×Dwe set
φnξ(x)
def
= φτn−1(ξ) ◦ · · · ◦ φξ(x),
φ−nξ (x)
def
= φ−1
τ−(n−1)(ξ)
◦ · · · ◦ φ−1ξ (x).
(1.4)
Note that for every n ≥ 0,
Φn(ξ, x) = (τn(ξ), φnξ(x)) and Φ
−n(ξ, x) = (τ−n(ξ), φ−n
τ−1(ξ)
(x)).
For simplicity we writeS in the place of S0,α
k,λ,β
(D), where the setD ⊂M and all the constants,
k ∈N, 0 < λ < β, α ≥ 0, are fixed.
1.5. Organization of the paper. In the next sectionwewill study symbolic skew-products in
S, and properties of themaximal invariant set inΣk×D. In Section 3 wewill look at symbolic
blender-horseshoes in the one-step setting and then prove Theorem C in Section 4. Finally,
in Section 5, we will prove Theorems A and B. In Appendix A we include the reduction to
perturbation of symbolic skew-products.
2. Symbolic skew-products
In this section given Φ = τ ⋉ φξ ∈ S with α > 0, we will first study the existence of
strong stable and unstable laminations. Afterwards, we will focus on skew-products with
uniformly locally contracting fibermaps and analyze the properties of themaximal invariant
set.
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2.1. Global strong stable and unstable laminations. For this section let the domainD of the
fibermaps ofΦ be thewholemanifoldM, and let us assume the global domination condition
να < λ < β < ν−α. Then the familiar graph transform argument yields the local strong stable
and unstable laminations for the symbolic skew-product. To this end, we define the local
stable set of (ξ, x) for Φ as
Ws
(
(ξ, x);Φ
)
def
=
{
(ζ, y) ∈ Σk ×M : lim
n→∞
d(Φn(ζ, y),Φn(ξ, x)) = 0
}
.
Proposition 2.1 ([AV10]). LetΦ ∈ S0,α
k,λ,β
(M) be a symbolic skew-product satisfying the s-domination
condition να < λ. Then, there exists a partition
Wss
Φ
= {Wssloc((ξ, x);Φ) : (ξ, x) ∈ Σk ×M}
of Σk ×M such that denoting C = CΦ(1 − λ
−1να)−1 ≥ 0, it holds
i) every leaf Wss
loc
((ξ, x);Φ) is the graph of an α-Ho¨lder function
γsξ,x,Φ : W
s
loc(ξ; τ)→M
withα-Ho¨lder constant less or equal thanC (uniform on ξ and x), and it depends continuously
on Φ,
ii) Wss
loc
((ξ, x);Φ) varies continuously with respect to (ξ, x), i.e, the map
(ξ, ξ′, x) 7→ γsξ,x,Φ(ξ
′) is continuous
where (ξ, ξ′) varies in the space of pairs of points in the same local stable set for τ,
iii) Φ(Wss
loc
((ξ, x);Φ)) ⊂ Wss
loc
(Φ(ξ, x);Φ) for all (ξ, x) ∈ Σk ×M,
iv) Wss
loc
((ξ, x);Φ) ⊂Ws((ξ, x);Φ).
There is a dual statement of Proposition 2.1 for the symbolic skew-product Φ satisfying
the u-dominating condition β < ν−α. Namely, there exists a partitionWuu
Φ
= {Wuu
loc
((ξ, x);Φ) :
(ξ, x) ∈ Σk ×M} of Σk ×M verifying analogous properties. Each leaf W
uu
loc
((ξ, x);Φ) of this
partitionWu
Φ
is said to be local strong unstable set throughout the point (ξ, x). We define the
global strong unstable set of (ξ, x) as
Wuu((ξ, x);Φ)
def
=
⋃
n≥0
Φn
(
Wuuloc(Φ
−n(ξ, x);Φ)
)
⊂Wu((ξ, x);Φ).
For a Φ-invariant set Γwe define local strong unstable set of Γ for Φ as
Wuuloc(Γ;Φ) =
⋃
(ξ,x)∈Γ
Wuuloc((ξ, x);Φ).
and the global unstable set of Γ for Φ as
Wu(Γ;Φ)
def
= {(ξ, x) ∈ Σk ×M : lim
n→∞
d(Φ−n(ξ, x), ΓΦ) = 0}.
In the same manner, the global strong unstable set of Γ, denoted byWuu(Γ;Φ), is defined as the
union of the global strong unstable sets of the points in Γ and it holds
Wuuloc(Γ;Φ) ⊂W
uu(Γ;Φ) ⊂Wu(Γ;Φ).
Similarly, local/global (strong) stable sets are defined and satisfy analogous inclusions.
SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS 7
Let us call such skew-products with the global domination property as partially hyper-
bolic. In part this is motivated by the reduction of partially hyperbolic diffeomorphisms to
the setting of symbolic skew-products discussed in the Appendix A.
Definition 2.2 (Partially hyperbolic symbolic skew-products). A symbolic skew-product Φ ∈
Sr,α
k,λ,β
(M) is called partially hyperbolic if να < λ < 1 < β < ν−α. We will denote by PHSr,α
k
(M)
the set of partially hyperbolic symbolic α-Ho¨lder skew-products on Σk ×Mwith C
r-fiber maps.
2.2. Skew-products with locally contracting fibers. Suppose now that the fiber maps φξ of
the skew-product Φ = τ ⋉ φξ ∈ S are locally contracting on the open setD ⊂M, that is β < 1
and D is forward invariant by φξ. These are the hypothesis in the definition of the symbolic
blender. We will analyze the dynamics of the maximal invariant set ΓΦ in Σk ×D.
We will also need a local version of Proposition 2.1 from the previous section on the
existence of the unstable partition when there is a global u-domination. The same principles
used in that proof can be applied to show the existence of a partitionWuu
ΓΦ
of ΓΦ such that
every leaf Wuu
loc
((ξ, x);Φ), (ξ, x) ∈ ΓΦ, is the graph of an α-Ho¨lder map γ
u
ξ,x,Φ
: Wu
loc
(ξ; τ)→ M,
and
Wuuloc((ξ, x);Φ) ⊂W
u((ξ, x);Φ).
In fact, ΓΦ is an invariant attracting graph for Φ and, thus, Φ|ΓΦ is conjugate to τ|Σk and
the projection of ΓΦ in M depends continuously in the Hausdorff metric on Φ. These are
a version of well-known results from [HPS77] in our setting of symbolic skew-products.
We summarize these properties of the maximal invariant set in the following theorem and
for the completeness of the paper, we give, in our symbolic setting, its non-trivial proof in
Appendix B. Before stating, we denote by Per(Φ) the set of periodic points of Φ and that
P : Σk ×M→ M is the projection on the fiber space.
Theorem 2.3. Consider Φ ∈ S0,α
k,λ,β
(D) with β < 1 and α > 0. Then
ΓΦ
def
=
⋂
n∈Z
Φn
(
Σk ×D
)
=
⋂
n∈N
Φn
(
Σk ×D
)
.
Moreover, the following holds:
i) the restriction of Φ to ΓΦ is conjugate to the full shift τ of k symbols,
ii) Wuu((ξ, x);Φ) =Wu
(
(ξ, x);Φ
)
⊂ ΓΦ for all (ξ, x) ∈ ΓΦ,
iii) there exists a unique continuous function gΦ : Σk → D such that for every periodic point
(ϑ, p) of Φ it holds,
P(ΓΦ) = Per(Φ) ∩D
def
= KΦ ∈ K(D)
and
ΓΦ = W
uu
loc(ΓΦ;Φ) =W
u((ϑ, p);Φ)) = {(ξ, gΦ(ξ)) : ξ ∈ Σk},
iv) the map L : S0,α
k,λ,β
(D)→ K(D) given by L (Φ) = KΦ is continuous.
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3. Symbolic blenders in the one-step setting
Let us introduce the definition given in [NP12] for one-step symbolic blenders. First
consider the subsetQ = Q0
k,λ,β
(D) ofS = S0,α
k,λ,β
(D) consisting of one-step skew-productmaps.
Definition 3.1 (One-step symbolic cs-blender). Consider a one-step skew-product map Φ ∈ Q
with β < 1. The maximal invariant set ΓΦ of Φ in Σk ×D is a one-step symbolic cs-blender if there
are a non-empty open set B ⊂ D, a fixed point (ϑ, p) ∈ Σk ×D of Φ and a neighborhood V of Φ in Q
such that for every Ψ ∈ V it holds
Wu((ϑ, pΨ);Ψ) ∩
(
Wsloc(ξ; τ) ×U
)
, ∅, (3.1)
for every ξ ∈ Σk and every non-empty open subset U in B. Here (ϑ, pΨ) is the continuation of the
fixed point (ϑ, p) forΨ.
Observe that Definition 1.5 implies Definition 3.1. Let (ϑ, p) be a fixed point ofΦ ∈ Q. Note
that for (ξ, x) ∈ Σk × B and for any δ > 0, the setW
s
loc
(ξ; τ) × {x} is a δ-almost horizontal disk.
Then by Theorem 2.3 and Definition 1.5, the closure of Wu((ϑ, pΨ);Ψ) meets W
s
loc
(ξ; τ) × {x}
for every perturbation Ψ of Φ in Q. Hence the set Wu((ϑ, pΨ);Ψ) meets W
s
loc
(ξ; τ) × U, for
every open set U with x ∈ U.
In this section, we prove the existence of symbolic blenders in the one-step setting. We
begin studying the relation between one-step skew-products and their associated IFS. Given
maps φ1, . . . , φk : D → D, we denote by IFS(φ1, . . . , φk), the set of all compositions of the
maps φ1, . . . , φk and will refer to this as the associated iterated function system (or IFS) of the
one-step map Φ = τ ⋉ (φ1, . . . , φk). The IFS(Φ) = IFS(φ1, . . . , φk) has the covering property if
there is an open set B ⊂ D such that
B ⊂ φ1(B) ∪ · · · ∪ φk(B).
To construct symbolic one-step blenders we use the covering property and the Hutchinson
attractor of the associated IFS.
3.1. One-step skew-products and IFS’s. Consider Φ = τ ⋉ (φ1, . . . , φk) and let IFS(Φ) be the
associated iterated function system. The orbit of a point x ∈M for IFS(Φ) is the set
OrbΦ(x)
def
= {φ(x) : φ ∈ IFS(φ1, . . . , φk)}.
Next proposition shows that if (ϑ, p) is a fixed point of Φ then OrbΦ(p) is the projection
onto the fiber space of the strong unstable set of (ϑ, p). This result was proved in [NP12,
Proposition 2.16]. A consequence of this proposition is that the density property (3.1) of the
strong unstable set in Definition 3.1 of one-step symbolic blenders is reduced to the density
of the orbit of the “fixed point” p for the associated iteration function system.
Proposition 3.2. Consider Φ = τ ⋉ (φ1, . . . , φk) and let (ϑ, p) be a fixed point of Φ. Then
P(Wuu(ϑ, p);Φ)) = OrbΦ(p).
SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS 9
A neighborhood V of a one-step map Φ in Q is a neighborhood in the topology of S
intersected with Q. Since the topology of S is induced by the distance in (1.3) and noting
that for every Ψ ∈ Q its Ho¨lder constant is CΨ = 0, it follows that Ψ = τ ⋉ (ψ1, . . . , ψk) and
Φ = τ ⋉ (φ1, . . . , φk) are δ-close if
dQ(Ψ,Φ) = max
i=1,...,k
dC0 (ψi|D, φi|D) < δ.
A periodic point (ϑ, p) of a skew-product map Φ = τ ⋉ φξ is fiber-hyperbolic for Φ if p
is a hyperbolic fixed point of φn
ϑ
, where n is the period of (ϑ, p). We analogously define
fiber-attractors and fiber-repellors.
Proposition 3.3. Consider Φ ∈ Q, a non-empty open set B ⊂ D, and a fiber-hyperbolic fixed point
(ϑ, p) ∈ Σk ×D of Φ. The following properties are equivalent:
i) there is a neighborhood V of Φ in Q such that for every Ψ ∈ V,
Wuu
(
(ϑ, pΨ);Ψ
)
∩
(
Wsloc(ξ; τ) ×U
)
, ∅,
for every ξ ∈ Σk and non-empty open set U ⊂ B. Here (ϑ, pΨ) is the continuation of (ϑ, p)
forΨ.
ii) B ⊂ OrbΨ(pΨ) for every Ψ ∈ Q close to Φ.
Proof. FromProposition 3.2, for a fixed point (ϑ, pΨ) ofΨ, we have thatP
(
Wuu((ϑ, pΨ);Ψ)
)
=
OrbΨ(pΨ). Therefore, Item (i) implies Item (ii).
For the converse, take the fixed point (ϑ, pΨ) of Ψ = τ ⋉ (ψ1, . . . , ψk) close to Φ = τ ⋉
(φ1, . . . , φk) and fix U ⊂ B and ξ ∈ Σk. By Item (ii), there is ψin ◦ · · · ◦ ψi1 ∈ IFS(Ψ) such that
the point x = ψin ◦ · · · ◦ ψi1 (pΨ) ∈ U. Take ζ = (. . . ϑ−1ϑ0, i1, . . . , in; ξ0, ξ1, . . .), and note that
(ζ, x) ∈ Ws
loc
(ξ; τ) ×U. It is enough to see that (ζ, x) ∈ Wuu
(
(ϑ, pΨ);Φ
)
. Since (ϑ, pΨ) is a fixed
point ofΨ, by the choice of xwe have that
Ψ−n−1(ζ, x) =
(
(. . . , ϑ−1;ϑ0, i1, . . . , in, ξ0, ξ1, . . .), pΨ
)
∈Wuloc(ϑ; τ) × {pΨ}.
SinceWu
loc
(ϑ; τ) × {pΨ} =W
uu
loc
((ϑ, pΨ);Ψ) then
(ζ, x) ∈ Ψn+1(Wuuloc((ϑ, pΨ);Ψ)) ⊂W
uu((ϑ, pΨ);Ψ).
Hence
(ζ, x) ∈Wuu
(
(ϑ, pΨ);Ψ
)
∩
(
Wsloc(ξ; τ) ×U
)
,
completing the proof of the proposition. 
Remark 3.4. If (ϑ, p) in Proposition 3.3 is a fiber-attracting fixed point of Φ = τ ⋉ (φ1, . . . , φk)
with B contained in the attracting region of p for IFS(Φ), then Item (ii) is equivalent to
B ⊂ OrbΨ(x), for every x ∈ B and everyΨ ∈ Q close to Φ. (3.2)
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To see why this remark is true first note that Equation (3.2) immediately implies Item (ii)
(just take x = p). For the converse take a perturbationΨ = τ ⋉ (ψ1, . . . , ψk) of Φ in Q, a non-
empty open set U in B, and x ∈ B. By hypotheses, there is ψ ∈ IFS(Ψ) such that ψ(pΨ) ∈ U.
As U is open there is a neighborhood V of pΨ such that ψ(V) ⊂ U. If Ψ is close enough to
Φ then B is also in the attracting region of pΨ for ψϑ = ψi where ϑ0 = i. Thus there is n ∈ N
such that ψn
i
(x) ∈ V and hence ψ ◦ ψn
i
(x) ∈ U, proving (3.2).
Motivated by (3.2), we give the following definition:
Definition 3.5 (Blending regions). Let Φ = τ ⋉ (φ1, . . . , φk) ∈ Q. A non-empty open set B ⊂ M
is called a blending region for Φ (or for the IFS(Φ)) if for every Ψ = τ ⋉ (ψ1, . . . , ψk) close to Φ
B ⊂ OrbΨ(x) for all x ∈ B.
Proposition 3.6. LetΦ = τ⋉ (φ1, . . . , φk) ∈ Q and consider a blending region B ⊂ D of Φ. Suppose
that there are a hyperbolic fixed point p ∈ D of some φi and a map φ ∈ IFS(Φ) with φ(p) ∈ B. Then
the maximal invariant set of Φ in Σk ×D is a one-step symbolic blender.
Proof. By Proposition 3.3, it is enough to see that B ⊂ OrbΨ(pΨ), for everyΨ = τ⋉ (ψ1, . . . , ψk)
close to Φ, where pΨ the continuation of p forΨ. By hypothesis, there are in, . . . , i1 such that
φin ◦ · · · ◦ φi1(p) ∈ B. Since B is an open set, if Ψ = τ ⋉ (ψ1, . . . , ψk) is close enough to Φ then
ψin ◦ · · · ◦ ψi1 (pΨ) ∈ B. As B is a blending region for IFS(Φ) it follows that
B ⊂ OrbΨ(ψin ◦ · · · ◦ ψi1 (pΨ)) ⊂ OrbΨ(pΨ).
This concludes the proof of the proposition. 
3.2. Blending regions for contracting IFS: Hutchinson attractor. Given an one-step map
Φ = τ ⋉ (φ1, . . . , φk), we define Per(IFS(Φ)) as the projection of P(Per(Φ)) in the fiber space,
that is the set of fixed points of the maps in IFS(Φ). Associated with Φ or with IFS(Φ), the
Hutchinson’s operator is defined by
GΦ : K(D)→ K(D), GΦ(A)
def
= φ1(A) ∪ · · · ∪ φk(A),
where K(D) denotes the set of compact subsets of D and A ∈ K(D). If the maps φi are
contractions, then the map GΦ is also a contraction. This fact leads to the following result:
Proposition 3.7 ([Wil71, Hut81]). Let Φ ∈ Q with β < 1. Then there exists a unique compact set
KGΦ ∈ K(D) such that
KGΦ = GΦ(KGΦ) = Per(IFS(Φ)) ∩D = KΦ.
Moreover, the set KGΦ depends continuously (in the set Q) on the map Φ and is the global attractor
of GΦ, that is, for every A ∈ K(D) it holds
lim
m→∞
dH(G
m
Φ
(A),KGΦ) = 0.
We call the compact set KGΦ (in what follows denoted by KΦ) the Hutchinson attractor of
the contracting one-step map Φ or of its associated IFS(Φ).
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Let us recall that given x ∈ D, its orbit for IFS(Φ) is defined by
OrbΦ(x) = {φ(x) : φ ∈ IFS(Φ)} = {G
n
Φ
(x) : n ≥ 0}.
By Proposition 3.7, Gm
Φ
(x)
m→∞
−→ KΦ for all x ∈ D and thus KΦ ⊂ OrbΦ(x). We now have the
following straightforward consequences of Proposition 3.7:
Corollary 3.8. ConsiderΦ = τ⋉(φ1, . . . , φk) ∈ Qwith β < 1 and let KΦ be the Hutchinson attractor.
i) For every A ∈ K(D) with A ⊂ GΦ(A) it holds that
A ⊂ KΦ ⊂ OrbΦ(x) for all x ∈ D.
ii) For every p ∈ KΦ there is a sequence (σn)n∈N ∈ {1, . . . , k}
N such that
φ−1σn ◦ · · · ◦ φ
−1
σ1
(p) ∈ KΦ for all n ∈N.
iii) For each open set V such that V ∩ KΦ , ∅ there exist n ∈ N and (i1, . . . , in) ∈ {1, . . . , k}
n
such that φin ◦ · · · ◦ φi1(KΦ) ⊂ V.
These results and Proposition 3.6 imply that the covering property generates one-step
symbolic blenders (Definition 3.1):
Corollary 3.9. Consider Φ ∈ Q with β < 1. Let B ⊂ D be a non-empty bounded open set
satisfying the covering property for IFS(Φ). Then for every Ψ ∈ Q close enough to Φ one has that
B ⊂ KΨ ⊂ OrbΨ(x), for all x ∈ D, where KΨ is the Hutchinson attractor of Ψ. Consequently, the
maximal invariant set of Φ is a one-step symbolic blender.
4. Symbolic blenders in theHo¨lder setting
In this this section we will prove the following result:
Theorem 4.1. Consider Φ = τ⋉ (φ1, . . . , φk) ∈ S
0,α
k,λ,β
(D) with α > 0 and να < λ < 1 and let B ⊂ D
be an open set. Then, B satisfies the covering property for IFS(Φ) if and only if there are δ > 0 and a
neighborhood V of Φ in S0,α
k,λ,β
(D) such that for every Ψ ∈ V it holds
Γ+Ψ(B) ∩H
s
, ∅ for every δ-horizontal disk Hs in Σk × B, (4.1)
where Γ+
Ψ
(B) is the forward maximal invariant set ofΨ in Σk × B.
The above theorem proves Theorem C. Indeed, if Φ = τ ⋉ (φ1, . . . , φk) ∈ S
0,α
k,λ,β
(D), with
β < 1, then φi(D) ⊂ D for all i = 1, . . . , k. Hence, if Ψ = τ ⋉ ψξ is close enough to Φ then
ψξ(D) ⊂ D for all ξ ∈ Σk and thus
Γ+Ψ(B)
def
=
⋂
n≥0
Ψn(Σk × B) ⊂
⋂
n∈Z
Ψn(Σk ×D)
def
= ΓΨ. (4.2)
Since by Theorem 2.3 one has that Wuu
loc
(ΓΨ;Ψ) = ΓΨ, Theorem 4.1 and Equation 4.2 imply
the existence of symbolic blender (Theorem C).
In order to proof Theorem 4.1, firstly we introduce some notation and preliminary results.
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4.1. Main lemma: Given a finite word ω¯ = ω−m . . . ω−1 ω0 ω1 . . . ωn, where m, n ≥ 0 and
ωi ∈ {1, . . . , k}, we define the bi-lateral cylinder by
Cω¯
def
= {ξ ∈ Σk : ξ j = ω j, −m ≤ j ≤ n}.
Given ζ ∈ Σk and a finite word ω¯ := ω¯−n = ω−n . . . ω−1, where n ≥ 1 and ωi ∈ {1, . . . , k}, we
define the relative cylinder by
Cω¯(ζ)
def
= {ξ ∈Wsloc(ζ; τ) : ξ−i = ω−i, for i = 1, . . . , n}. (4.3)
Recall that S = S0,α
k,λ,β
(D) is the set of symbolic skew-product maps in Definition 1.2. In
what follows να < λ < 1, α > 0 and there is no restriction on β. In the next lemmawe estimate
the distance between the backward orbits of a point xwhen iterated by different maps ψ−1
ξ
.
Lemma 4.2. ConsiderΨ = τ ⋉ψξ ∈ S with α > 0, ν
α < λ < 1 a word ω¯ = ω−n . . . ω0 . . . ωn, and a
point x ∈ D such that for every ζ ∈ Cω¯ one has that ψ
− j
τ−1(ζ)
(x) ∈ D for every 1 ≤ j ≤ n. Then
∥∥∥ψ−i
τ−1(ξ)
(x) − ψ−i
τ−1(ζ)
(x)
∥∥∥ < CΨ ν−αi
i−1∑
j=0
(λ−1να) j dΣk (ξ, ζ)
α
for all 1 ≤ i ≤ n and all ξ, ζ ∈ Cω¯.
Proof. The proof is by induction. For i = 1, the Ho¨lder inequality (1.2) and ξ, ζ ∈ Cω¯ imply
‖ψ−1
τ−1(ξ)
(x) − ψ−1
τ−1(ζ)
(x)‖ ≤ CΨ dΣk (τ
−1(ξ), τ−1(ζ))α ≤ ν−α dΣk (ξ, ζ)
α.
We argue inductively. Suppose that the lemma holds for i − 1, i < n:
∥∥∥ψ−(i−1)
τ−1(ξ)
(x) − ψ
−(i−1)
τ−1(ζ)
(x)
∥∥∥ < CΨ ν−α(i−1)
i−2∑
j=0
(λ−1να) j dΣk(ξ, ζ)
α, (4.4)
for every ξ, ζ ∈ Cω¯. We will see that the estimate also holds for i. By the triangle inequality,
∥∥∥ψ−i
τ−1(ξ)
(x) − ψ−i
τ−1(ζ)
(x)
∥∥∥ ≤
∥∥∥ψ−i
τ−1(ξ)
(x) − ψ−1
τ−i(ξ)
◦ ψ
−(i−1)
τ−1(ζ)
(x)
∥∥∥ +
+
∥∥∥ψ−1
τ−i(ξ)
◦ ψ
−(i−1)
τ−1(ζ)
(x) − ψ−i
τ−1(ζ)
(x)
∥∥∥.
Since the inverse of these functions expand at most 1/λ, the above equation is less than or
equal to
1
λ
∥∥∥ψ−(i−1)
τ−1(ξ)
(x) − ψ
−(i−1)
τ−1(ζ)
(x)
∥∥∥ +
∥∥∥ψ−1
τ−i(ξ)
(y) − ψ−1
τ−i(ζ)
(y)
∥∥∥,
where y = ψ
−(i−1)
τ−1(ζ)
(x) ∈ D. By the induction hypothesis (4.4),
1
λ
∥∥∥ψ−(i−1)
τ−1(ξ)
(x) − ψ
−(i−1)
τ−1(ζ)
(x)
∥∥∥ ≤ CΨ λ−1ν−α(i−1)
i−2∑
j=0
(λ−1 να) j dΣk (ξ, ζ)
α.
As y ∈ D, applying the Ho¨lder inequality (1.2) and since ξ, ζ ∈ Cω¯ we get
‖ψ−1
τ−i(ξ)
(y) − ψ−1
τ−i(ζ)
(y)‖ ≤ CΨ dΣk (τ
−i(ξ), τ−i(ζ))α ≤ CΨν
−αi dΣk (ξ, ζ)
α.
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Putting together the previous inequalities we obtain
CΨ λ
−1ν−α(i−1)
i−2∑
j=0
(λ−1 να) j dΣk(ξ, ζ)
α + CΨ ν
−αi dΣk (ξ, ζ)
α
= CΨ ν
−αi
i−1∑
j=0
(λ−1 να) j dΣk (ξ, ζ)
α,
ending the proof of the lemma. 
4.2. Proof of Theorem 4.1. Consider Φ = τ ⋉ (φ1, . . . , φk) ∈ S with α > 0, ν
α < λ < 1 and an
open set B ⊂ D. Recall that we need to prove the following:
B satisfies the covering property for IFS(Φ)⇐⇒ there are δ > 0 and a neigh-
borhood V of Φ in S such that Γ+
Ψ
(B) ∩ Hs , ∅ for every Ψ ∈ V and every
δ-horizontal disk Hs in Σk × B.
⇐= We will see that if the covering property is not satisfied then intersection (4.1) is
also not satisfied. If B does not satisfy the covering property then there is x ∈ B such that
x < φi(B) for all i = 1, . . . , k. We can assume that x ∈ B, otherwise we can take an arbitrarily
small perturbationΨ = τ ⋉ (ψ1, . . . , ψk) of Φ such that the covering property in B for IFS(Ψ)
is not satisfied for a point in B. The condition x < φi(B) for all i = 1, . . . , k implies that
Φ−1(ξ, x) < Σk × B for all ξ ∈ Σk and hence
(ξ, x) <
⋂
n≥0
Φn(Σk × B) = Γ
+
Φ(B) for all ξ ∈ Σk.
Therefore Γ+
Φ
(B) does not meet the horizontal disk Hs = Ws
loc
(ξ; τ) × {x}, and thus the inter-
section property (4.1) is not verified.
=⇒ We split the proof of the fact that the covering property implies the intersection
condition into two steps.
Choice of the neighborhoodV of Φ. Recall that given an open covering C of a compact set
X of a metric space, there is a constant L > 0, called Lebesgue number of C, such that every
subset of X with diameter less than L is contained in some member of C.
Let 2L > 0 be a Lebesgue number of the open covering {φ1(B), . . . , φk(B)} of B. Note that
there are C0-neighborhoodsUi of φi such that the family
Bi = int
( ⋂
ψ∈Ui
ψ(B)
)
, i = 1, . . . , k, (4.5)
is an open covering of B. By shrinking the size of the sets Ui we can assume that L is
a Lebesgue number of this covering. We can also assume that any ψ ∈ Ui is a C
0-(λ, β)-
Lipschitz map on D for all i = 1, . . . , k.
We take a neighborhoodV of Φ in S such that ifΨ = τ⋉ψξ ∈ V then ψξ ∈ Ui with i = ξ0.
By (4.5),
ψ−1
τ−1(ξ)
(Bi) ⊂ B for all ξ ∈ Σk with ξ−1 = i. (4.6)
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Since Φ is a one-step map then φξ = φζ if ξ0 = ζ0, and hence we can take the Ho¨lder
constant CΦ = 0. The definition of the distance in (1.3) implies CΨ is close to CΦ = 0. By
hypothesis να < λ, and so shrinking the neighborhood V we can assume that for every
Ψ = τ ⋉ ψξ ∈ V,
CΨ
∞∑
i=0
(λ−1να)i < L/2. (4.7)
This completes the choice of the neighborhoodV of Φ.
Existence of a point in Γ+
Ψ
(B) ∩ Hs. Let us consider V to be the above neighborhood of Φ.
The main step is the following proposition.
Proposition 4.3. Consider 0 < δ < λL/2 and let Hs be a δ-horizontal disk in Σk ×B associated with
some (ζ, z) ∈ Σk × B and α-Hlder constant C ≥ 0. Then for every Ψ = τ ⋉ ψξ ∈ V there are an
infinite word ω¯ = . . . ω−n . . . ω−1 with ω−n ∈ {1, . . . , k} and a sequence of nested compacts subsets
{Vn} of M such that for every n ∈N it holds that
Vn ⊂ P(H
s ∩ (Cω¯−n(ζ) × B)),
ψ−n
τ−1(ξ)
(Vn) ⊂ B and diam
(
ψ−n
τ−1(ξ)
(Vn)
)
≤ C(λ−1να)n
for all ξ ∈ Cω¯−n(ζ) where ω¯−n = ω−n . . . ω−1.
Let us see how the implication (=⇒) follows from this proposition. Let
{x} =
⋂
n∈N
Vn ⊂ B and {ξ} =
⋂
n∈N
Cω¯−n(ζ) ⊂W
s
loc(ζ; τ).
Observe that (ξ, x) ∈ Hs and ψ−n
τ−1(ξ)
(x) ∈ B for all n ∈N. ThusΨ−n(ξ, x) ∈ Σk × B for all n ∈N
and hence (ξ, x) ∈ Γ+
Ψ
(B). Therefore Γ+
Ψ
(B) ∩Hs , ∅.
To complete the proof of Theorem 4.1 it remains to prove the proposition.
Proof of Proposition 4.3. FixΨ = τ⋉ψξ ∈ V and consider the (α,C)-Hldermap h : W
s
loc
(ζ; τ)→ B
associated with the δ-horizontal disk Hs ⊂ Σk × B (see Definition 1.4). The construction of
the nested sequence of sets {Vn} and the infinite word ω¯ = . . . ω−m . . . ω−1 is done inductively.
Let
V
def
= P(Hs) ⊂ B.
Note that diam(V) ≤ 2δ < L. By the definition of the Lebesgue number, we have that V ⊂ Bi1
for some i1 ∈ {1, . . . , k}. Recall the definition of the relative cylinder in (4.3) associated with
ζ ∈ Σk and the word ω¯−1 = i1 and consider the set
V1
def
= P
(
Hs ∩ (Cω¯−1 (ζ) × V)
)
.
By construction V1 ⊂ V ⊂ Bi1 and by (4.6),
ψ−1
τ−1(ξ)
(V1) ⊂ B for all ξ ∈ Cω¯−1 (ζ).
Claim 4.4. diam(V1) ≤ δ1
def
= C να.
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Proof. Given x and y in V1 there are ξ and η in Cω¯−1(ζ) such that x = h(ξ) and y = h(η). Since
h is (α,C)-Ho¨lder continuous,
‖x − y‖ = ‖h(ξ) − h(η)‖ ≤ CdΣk(ξ, η)
α ≤ C να = δ1,
proving the claim. 
By Claim 4.4 and since the fiber-maps ψξ are (λ, β)-Lipschitz on D,
diam
(
ψ−1
τ−1(ξ)
(V1)
)
≤ λ−1δ1 for all ξ ∈ Cω¯−1(ζ).
Recalling that Cνα < δ (see Definition 1.4) we get that
λ−1δ1 = λ
−1Cνα < λ−1δ ≤ L/2.
Therefore,
diam
(
ψ−1
τ−1(ξ)
(V1)
)
≤ λ−1δ1 ≤ L/2.
Arguing inductively, we suppose thatwe have constructed a finiteword ω¯−n := ω−n . . . ω−1
(theword ω¯−i is obtained adding the letterω−i to theword ω¯−i+1) and closed setsVn ⊂ Vn−1 ⊂
· · · ⊂ V1 with
diam(Vn) ≤ Cν
nα def= δn
and such that for every ξ ∈ Cω¯−n(ζ),
ψ−n
τ−1(ξ)
(Vn) ⊂ B and diam
(
ψ−n
τ−1(ξ)
(Vn)
)
≤ λ−nδn. (4.8)
We now construct the word ω¯−(n+1) and the closed set Vn+1 ⊂ Vn satisfying analogous
inclusions and inequalities. By (4.8) we have that
An
def
=
⋃
ξ∈Cω¯−n (ζ)
ψ−n
τ−1(ξ)
(Vn) ⊂ B.
Claim 4.5. diam(An) < L.
Proof. Given x¯ and y¯ in An there are x, y ∈ Vn and ξ, η ∈ Cω¯−n(ζ) such that x¯ = ψ
−n
τ−1(ξ)
(x) and
y¯ = ψ−n
τ−1(η)
(y). Then
‖x¯ − y¯‖ = ‖ψ−n
τ−1(ξ)
(x) − ψ−n
τ−1(η)
(y)‖
≤ ‖ψ−n
τ−1(ξ)
(x) − ψ−n
τ−1(η)
(x)‖ + ‖ψ−n
τ−1(η)
(x) − ψ−n
τ−1(η)
(y)‖
≤ CΨν
−αn
n−1∑
j=0
(λ−1να) j dΣk (ξ, η)
α + λ−nδn
where the last inequality is follows fromLemma 4.2 and the induction hypothesis (4.8). Since
ξ and η belong to Cω¯−n(ζ) then dΣk (ξ, η)
α ≤ ναn. Hence
‖x¯ − y¯‖ ≤ CΨ
n−1∑
j=0
(λ−1να) j + λ−nδn ≤ L/2 + λ
−nδn
where the last inequality follows from (4.7). Note that
λ−n δn = C (λ
−1να)n ≤ Cλ−1να < λ−1δ < L/2.
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Therefore for every pair of points x¯, y¯ ∈ An we have ‖x¯ − y¯‖ < L and thus diam(An) < L,
proving the claim. 
Since L is a Lebesgue number of the covering {Bi}
k
i=1
, the claim implies there is in+1 ∈
{1, . . . , k} such that An ⊂ Bin+1 . We let
ω¯−(n+1) = in+1ω−n . . . ω−1 and Vn+1 = P
(
Hs ∩ (Cω¯−(n+1)(ζ) × Vn)
)
.
Note that by construction Vn+1 ⊂ Vn.
Claim 4.6. diam(Vn+1) ≤ C ν
(n+1) α def= δn+1.
Proof. Given x, y ∈ Vn+1 there are ξ, η ∈ Cω¯−(n+1)(ζ) such that x = h(ξ) and y = h(η). From the
(α,C)-Ho¨lder continuity of h and since ξ, η ∈ Cω¯−(n+1)(ζ) we get ‖x−y‖ ≤ CdΣk (ξ, η)
α ≤ Cν(n+1)α,
concluding the proof. 
Using that Vn+1 ⊂ Vn, diam(Vn+1) ≤ δn+1, and equations (4.6) and (4.8) we get
ψ
−(n+1)
τ−1(ξ)
(Vn+1) ⊂ B and diam
(
ψ
−(n+1)
τ−1(ξ)
(Vn+1)
)
≤ λ−(n+1)δn+1,
for allξ ∈ Cω¯−(n+1)(ζ). Thus (4.8) holds for (n+1)-step andwe can continue arguing inductively.
This completes the construction of the infinite word ω¯ and the sequence of nested sets {Vn}
in the proposition, ending the proof. 
The proof of Theorem 4.1 is now complete.
4.3. Embedded blender. For applications of blenders we would need to have additional
fiber maps, that are not necessarily contracting or forward invariant in the region D. Thus,
we will embed a symbolic blender for a one-step map Φ defined on Σk ×M into another
one-step map Φˆ on Σd ×Mwith d ≥ k.
Proposition 4.7 (Embedded blender). Let Φˆ ∈ PHS0,α
d
(M) be a partially hyperbolic one-step
skew-product map with d ≥ k. Assume that the restriction
Φ = Φˆ|Σk×M = τ ⋉ (φ1, . . . , φk)
has a symbolic cs-blender Γcs
Φ
⊂ Σk ×M whose superposition domain contains an open set B ⊂ M
satisfying that B ⊂ φ1(B) ∪ · · · ∪ φk(B). Then there exists δ > 0 such that for every small enough
S0,α-perturbation Ψˆ of Φˆ it holds
Wuuloc(Γ
cs
Ψ
; Ψˆ) ∩Hs , ∅ for every δ-horizontal disk Hs in Σd × B
where Γcs
Ψ
is the continuation of Γcs
Φ
forΨ = Ψˆ|Σk×M.
Proof. Since Γcs
Φ
is a symbolic blender for Φ whose superposition domain contains the open
set B then Γ+
Φ
(B) ⊂ Γcs
Φ
. Recall that Γ+
Φ
(B) is the forward maximal invariant set in Σk × B for Φ.
We can enlarge the size of B a little, call this new set B˜, assuming that for every small enough
S0,α-perturbation Ψˆ of Φˆ, it holds
Γ+Ψ(B˜) ⊂ Γ
cs
Ψ
, whereΨ = Ψˆ|Σk×M. (4.9)
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Observe that for each (ξ, x) ∈ Σd ×M, since Φˆ is a one-step map then
Wuuloc((ξ, x); Φˆ) =W
u
loc(ξ; τ) × {x}.
Since the strong unstable set depends continuously on Φˆ, we can assume that for every small
enough S0,α-perturbation Ψˆ of Φˆ,
Wuuloc((ξ, x); Ψˆ) ⊂ Σd × B˜ for all (ξ, x) ∈ Σd × B. (4.10)
A slight modification of the proof of Theorem 4.1 shows that there is δ > 0 such that for
every small enough S0,α-perturbation Ψˆ of Φˆwe have
Γ+
Ψˆ
(Σ−k,d × B) ∩H
s
, ∅ (4.11)
for every δ-horizontal disk Hs in Σd × B. Here
Γ+
Ψˆ
(Σ−k,d × B) =
⋂
n≥0
Ψˆn(Σ−k,d × B)
and Σ−
k,d
= {ξ = (ξi)i∈Z ∈ Σd : ξi ∈ {1, . . . , k} for i < 0}. This assertion is showed by repeating
the same argument as in the proof of Theorem 4.1, using the global s-domination condition
να < λ and the global Hlder continuity of the fiber maps with respect to the base point.
Consider a S0,α-perturbation Ψˆ = τ ⋉ ψξ of Φˆ satisfying (4.9), (4.10) and (4.11) and let
Γcs
Ψ
⊂ Σk ×M be the continuation of Γ
cs
Φ
forΨ = Ψˆ|Σk×M.
Claim 4.8. Γ+
Ψˆ
(Σ−
k,d
× B) ⊂Wuu
loc
(Γcs
Ψ
; Ψˆ).
Proof. Fix a point (ξ, x) ∈ Γ+
Ψˆ
(Σ−
k,d
× B) we show that
Wuuloc((ξ, x); Ψˆ) ∩ (Σk × B˜) ⊂ Γ
cs
Ψ
. (4.12)
This assertionproves the claimsince if (ζ, z) ∈Wuu
loc
((ξ, x); Ψˆ)∩(Σk×B˜) then (ξ, x) ∈W
uu
loc
((ζ, z); Ψˆ) ⊂
Wuu
loc
(Γcs
Ψ
; Ψˆ).
Let (ζ, z) ∈ Wuu
loc
((ξ, x); Ψˆ) ∩ (Σk × B˜). In order to prove (4.12), observe that from (4.9) it is
enough to show that Ψˆ−n(ζ, z) = Ψ−n(ζ, z) ∈ Σk × B˜ for all n ≥ 0. From the invariance of the
local strong unstable lamination (dual statement of Item (iii) in Proposition 2.1) it follows
that
Ψˆ−n(ζ, z) ∈ Ψˆ−n
(
Wuuloc((ξ, x); Ψˆ)
)
⊂Wuuloc(Ψˆ
−n(ξ, x); Ψˆ) (4.13)
for all n ≥ 0. Since (ξ, x) ∈ Γ+
Ψˆ
(Σ−
k,d
× B) then Ψˆ−n(ξ, x) ∈ Σd × B for all n ≥ 0 and according
to (4.10) it follows that
Wuuloc(Ψˆ
−n(ξ, x); Ψˆ) ⊂ Σd × B˜ for all n ≥ 0. (4.14)
Hence, since ζ ∈ Σk, (4.13) and (4.14) imply that Ψˆ
−n(ζ, z) ∈ Σk × B˜ for all n ≥ 0. Therefore
(ζ, z) ∈ Γ+
Ψ
(B˜) ⊂ Γcs
Ψ
concluding (4.12) and the proof of the claim. 
To conclude the proposition it suffices to observe that the above claim and (4.11) imply that
Wuu
loc
(Γcs
Ψ
; Ψˆ)∩Hs , ∅ for every δ-horizontal diskHs in Σd ×B. The proof is now complete. 
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Observe that the set Ws
loc
(ζ; τ) × {z} is an horizontal disk and in the one-step case this set
coincides to the local strong stable set of (ζ, z). For Ho¨lder perturbations of one-step maps,
Proposition 2.1 implies that the local strong stable sets are almost horizontal disks. Then, we
obtain the following remark:
Remark 4.9. Let Φˆ ∈ PHS0,α
d
(M) be a one-step skew-product map as in the hypothesis of
Proposition 4.7. For every small enough S0,α-perturbation Ψˆ of Φˆ and every (ξ, x) ∈ Σd × B
there exits (ζ, z) ∈ Γcs
Ψ
such that
Wuuloc((ζ, z); Ψˆ) ∩W
ss
loc((ξ, x); Ψˆ) , ∅.
4.4. cu-blenders. Let us now define a symbolic cu-blender-horseshoe. Firstly we need to
introduce the associated inverse symbolic skew-product for Φ = τ ⋉ φξ. Given Φ = τ ⋉ φξ ∈
S0,α
k,λ,β
(D), the symbolic skew-product
Φ∗ = τ ⋉ φ∗ξ ∈ S
0,α
k, β−1 , λ−1
(D),
where φ∗
ξ
: M→ M given by φ∗
ξ
(x) = φ−1
ξ∗
(x), is called the associated inverse skew-product for Φ.
Here ξ∗ = (. . . ξ1; ξ0, ξ−1, . . .) denotes the conjugate sequence of ξ = (. . . ξ−1; ξ0, ξ1, . . .). Note
that since τ(ξ)∗ = τ−1(ξ∗), then iterates of Φ∗ correspond to iterates of Φ−1. This observation
allows us to define symbolic cu-blender-horseshoes for skew-products inS0,α
k,λ,β
(D) withλ > 1
and α > 0. Namely, symbolic cu-blender-horseshoe for Φ is defined as a symbolic cs-blender-
horseshoe for Φ∗.
One then obtains analogous results to Theorem4.1 and Proposition 4.7 for the construction
of cu-blenders using the inverse covering property, B ⊂ φ−1
1
(B) ∪ · · · ∪ φ−1
k
(B).
5. Robust heterodimensional cycles and mixing sets
Our goal here is to generate robust heterodimensional cycles (Section 5.1) and robust non-
hyperbolic mixing sets (Section 5.2) in the presence of symbolic blenders. Let us comment
on the strategy used in the proof. The idea is to give conditions on the IFS (covering
property) which will imply that the associated one-step skew-product map has a symbolic
cycle or is mixing (see Definition 5.1). Then, one studies the robustness of these properties
under perturbations in the symbolic setting (see Theorems 5.2 and 5.7). Finally, the smooth
realization of the one-step skew-product shows that the corresponding property is robust in
the C1-topology (Proposition A.2 in appendix).
In this section, N and M denote compact Riemannian manifolds and id: M → M the
identity map.
5.1. Robust heterodimensional cycles: Proof of Theorem A. We will first describe how to
build robust cycles in the symbolic setting and then transfer this to dynamics of diffeomor-
phisms on manifolds, thus proving Theorem A.
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Definition 5.1 (Symbolic cycles). Let Φˆ ∈ PHSr,α
d
(M) be a symbolic skew-product with a pair of
Φˆ-invariant sets Γ1 and Γ2. We say that Φˆ has a symbolic cycle associated with Γ1 and Γ2 if their
stable/unstable sets meet cyclically, that is, if
Ws(Γ1; Φˆ) ∩W
u(Γ2; Φˆ) , ∅ and W
u(Γ1; Φˆ) ∩W
s(Γ2; Φˆ) , ∅.
Assuming that Γ1 and Γ2 have continuations, we say that the symbolic cycle is S
r,α-robust if the
cyclic intersection of stable/unstable sets holds for every small enough Sr,α-perturbation of Φˆ.
The next proposition shows how to construct robust symbolic cycles using blenders that
come from the covering property.
Theorem 5.2 (Symbolic cycles from blenders). Let φ1, . . . , φk, φk+1, φk+2 be (γ, γˆ
−1)-Lipschitz
C1-diffeomorphisms on M and consider disjoint open sets Dcs,Dcu ⊂M such that
Φ = τ ⋉ (φ1, . . . , φk) ∈ S
1,α
k,λcs,βcs
(Dcs) ∩ S
1,α
k,λcu ,βcu
(Dcu)
where
να < γ ≤ λcs < βcs < 1 < λcu < βcu ≤ γˆ
−1 < ν−α.
Assume that there are open subsets Bcs ⊂ Dcs and Bcu ⊂ Dcu such that the following properties hold:
• Covering property:
Bcs ⊂
k⋃
i=1
φi(Bcs) and Bcu ⊂
k⋃
i=1
φ−1i (Bcu)
• Cyclic intersections: there exist x ∈ Bcs, y ∈ Dcu and m, n > 0 such that
φnk+1(x) ∈ Bcu and φ
m
k+2(y) ∈ Dcs.
Then the one-step Φˆ = τ ⋉ (φ1, . . . , φk, φk+1, φk+2) ∈ PHS
1,α
k+2
(M) has a S1,α-robust symbolic cycle
associated with symbolic blenders whose superposition domains contain Bcs and Bcu.
Proof. We split the proof of the proposition into two lemmas. Firstly, we need to choose
the S1,α-neighborhood V of Φˆ = τ ⋉ (φ1, . . . , φk, φk+1, φk+2) in which we will work. This
neighborhood is taken as the intersection of the following three sets:
• V1 is the neighborhood of Φˆ given by Proposition 4.7.
• V2 is the neighborhood of Φˆ such that for every Ψˆ ∈ V2 and y ∈ Dcu (from the cyclic
intersection hypothesis) it holds
Ψˆm(C+ × {y}) ⊂ Σk+2 ×Dcs
where C+ is the set of the bi-sequence ξ = (ξi)i∈Z ∈ Σk+2 such that ξi = k + 2 for
0 ≤ i ≤ m and ξi ∈ {1, . . . , k} otherwise.
• V3 is the neighborhoodof Φˆ taken so that the strong stable sets are δ-almost horizontal
disks, where δ > 0 is defined in the following manner. Suppose z ∈ M with ‖z −
φn
k+1
(x)‖ < δ, then for every Ψˆ ∈ V3 it holds
Ψˆ−n(C− × {z}) ⊂ Σk+2 × Bcs
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where C− is the set of the bi-sequences ξ = (ξi)i∈Z ∈ Σk+2 such that ξi = k + 2 for
−n ≤ i < 0 and ξi ∈ {1, . . . , k} otherwise.
Fix Ψˆ ∈ V, let us to prove that
Ws(ΓcsΨ; Ψˆ) ∩W
u(ΓcuΨ ; Ψˆ) , ∅.
where Γcs
Ψ
, Γcu
Ψ
are the maximal invariant sets in Σd ×Dcs and Σd×Dcu of Ψˆ respectively. Note
that Γcs
Ψ
and Γcu
Ψ
coincide, respectively, with themaximal invariant set in Σk×Dcs and Σk×Dcu
forΨ = Ψˆ|Σk×M. Hence, from the covering property assumption and Theorem C, theses two
Ψˆ-invariant sets are symbolic blenders forΨ whose superposition domains contain Bcs and
Bcu respectively.
We observe that in the next lemma we do not use the blender property but rather that Dcs
(Dcu) are forward (backward) invariant open sets for contractive (expanding) fiber maps of
Φ and its perturbations.
Lemma 5.3. It holds that C+ × {y} ⊂Ws(Γcs
Ψ
; Ψˆ) ∩Wu(Γcu
Ψ
; Ψˆ).
Proof. To prove this lemma we need the following claim. Here Σ+
k,k+2
represents the bi-
sequences ξ = (ξi)i∈Z ∈ Σk+2 such that ξi ∈ {1, . . . , k} for i ≥ 0, and Σ
−
k,k+2
the bi-sequences
such that ξi ∈ {1, . . . , k} for i < 0.
Claim 5.4. Σ+
k,k+2
×Dcs ⊂W
s(Γcs
Ψ
; Ψˆ) and Σ−
k,k+2
×Dcu ⊂W
u(Γcu
Ψ
; Ψˆ).
Proof of the claim. We will prove the first inclusion and the second inclusion is analogous.
From Theorem 2.3, the set Γcs
Ψ
is an attractive graph and so
lim
n→∞
d(Ψˆn(ζ, z), Γcs
Ψ
) = 0, for all (ζ, z) ∈ Σk ×Dcs. (5.1)
Thus if (ξ, p) ∈ Σ+
k,k+2
×Dcs then
∅ ,Wssloc((ξ, p); Ψˆ) ∩ (Σk ×Dcs) ⊂W
s(ΓΨ; Ψˆ).
Now, using the triangular inequality it holds
d(Ψˆn(ξ, p), Γcs
Ψ
) ≤ d(Ψˆn(ξ, p), Ψˆn(ζ, z)) + d(Ψˆn(ζ, z), Γcs
Ψ
)
where (ζ, z) ∈Wss
loc
((ξ, p); Ψˆ)∩ (Σk ×Dcs). According to Proposition 2.1 and (5.1) the right part
of the above inequality converges to zero and therefore we conclude the claim. 
To obtain the lemma we only need to note that C+ × {y} ⊂ Σ−
k,d
×Dcu and thus by the above
claim belongs to Wu(Γcu
Ψ
; Ψˆ). On the other hand, using that Ψˆ ∈ V and again the claim, it
follows that
Ψˆm(C+ × {y}) ⊂ Σ+k,d ×Dcs ⊂W
s(Γcs
Ψ
; Ψˆ),
which concludes the proof of the lemma. 
The next lemma shows the other intersection of the symbolic cycle, namely
Wu(Γcs
Ψ
; Ψˆ) ∩Ws(Γcu
Ψ
; Ψˆ) , ∅.
This is achieved by the following stronger result as a consequence of the blender properties.
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Lemma 5.5. It holds that Wuu(Γcs
Ψ
; Ψˆ) ∩Wss(Γcu
Ψ
; Ψˆ) , ∅.
Proof. Take the point x ∈ Bcs from the cyclic intersection hypothesis satisfying φ
n
k+1
(x) ∈ Bcu.
Since Bcu ⊂ P(Γ
cu
Ψ
), there exists a bi-sequence ξ ∈ Σk such that (ξ, φ
n
k+1
(x)) ∈ Γcu
Ψ
.
Consider ζ = (ζi)i∈Z ∈W
s
loc
(ξ; τ) with ζi = k + 1 for −n ≤ i < 0, and let
z = γs
ξ,φn
k+1
(x),Ψˆ
(ζ).
Remember that γs is the graph map of the local strong stable set, which is itself an almost
δ-horizontal disk. Thus, ‖z − φn
k+1
(x)‖ < δ and by the hypothesis on the neighborhoodV of
Φˆ we have that
Ψˆ−n(ζ, z) ∈ Σk+2 × Bcs.
By the property of the blender (see Proposition 4.7 and Remark 4.9), Wss
loc
(Ψˆ−n(ζ, z); Ψˆ) ∩
Wuu
loc
(Γcs
Ψ
; Ψˆ) , ∅. Let (β, t) be a point on this intersection, then it is in Wuu
loc
(Γcs
Ψ
; Ψˆ) and since
(β, t) ∈Wss
loc
(Ψˆ−n(ζ, z); Ψˆ) then
Ψˆn(β, t) ∈Wssloc((ζ, z); Ψˆ) =W
ss
loc((ξ, φ
n1
k+1
(x)); Ψˆ) ⊂Wssloc(Γ
cu
Ψ
; Ψˆ),
proving the lemma. 
Combining the above two lemmas the proof of the proposition is now complete. 
Now we are ready to prove Theorem A.
Proof of Theorem A. Fix positive constants, γ, γˆ, λ, β such that
1/2 < γ ≤ λ < β < 1 ≤ γˆ−1 < 2.
We consider an arc of C1-diffeomorphisms {hε}ε∈[0,ε0], hε : M → M such that h0 = id and for
each ε > 0 the map hε has two hyperbolic fixed points p = p(ε) and q = q(ε) such that p is a
sink, q is a source,
Ws(p, hε) ⋔W
u(q, hε) , ∅,
and d(p(ε), q(ε))→ 0 as ε→ 0. We also assume that there are pairwise disjoint neighborhoods
Dcs = Dcs(ε) and Dcu = Dcu(ε) of p and q such that the restrictions hε : Dcs → Dcs and
h−1ε : Dcu → Dcu are (λ, β)-Lipschitz maps.
The next useful lemma tells us how to obtain the covering property from perturbations of
a single map. See the proof in [NP12, Prop. 3.2] and [HN11].
Lemma5.6. Letφ1 : D→ Dbe a (λ, β)-Lipschitz mapwith ν
α < λ < β < 1. Then there are a natural
number k, an open neighborhood B of the fixed point of φ1 and translations (in local coordinates)
φ2, . . . , φk of φ1 such that B ⊂ φ1(B) ∪ · · · ∪ φk(B). Consequently, the one-step map
Φ = τ ⋉ (φ1, . . . , φk) ∈ S
0,α
k,λ,β
(D)
has a symbolic cs-blender whose superposition domain contains B.
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We observe that the number k of translations of φ1 depends on the dimension of M and
the contraction bound λ of φ1.
Going back to the proof of the theorem, by Lemma 5.6 there are k (depends only on λ and
the dimension of M) and open sets Bcs ⊂ Dcs, Bcu ⊂ Dcs containing p and q respectively such
that
Bcs ⊂ φ
s
1(Bcs) ∪ · · · ∪ φ
u
k (Bcs) and Bcu ⊂ φ
u
1(Bcs) ∪ · · · ∪ φ
u
k (Bcs)
where φs
1
= hε on Dcs, φ
u
1
= h−1ε on Dcu and φ
s
i
= φs
i
, φu
i
are, respectively, translations of φs
1
,
φu
1
for all i = 2, . . . , k (which depends on ε).
Set φ1 = hε and let φi be (γ, γˆ
−1)-Lipschitz C1-diffeomorphisms onM such that φi|Dcs = φ
s
i
and φi|Dcu = (φ
u
i
)−1 for all i = 2, . . . , k. Note that
Bcs ⊂
k⋃
i=1
φi(Bcs) and Bcu ⊂
k⋃
i=1
φ−1i (Bcu)
and
Φ = τ ⋉ (φ1, . . . , φk) ∈ S
1,α
k,λcs,βcs
(Dcs) ∩ S
1,α
k,λcu ,βcu
(Dcu)
with λcs = λ, βcs = β, λcu = β
−1 and βcu = λ
−1.
Now let us build a transition map between the regions Dcs and Dcu. Fix a small ε > 0 and
consider the map, in local coordinates, ϕ(x) = x + q − p. From the choice of p and q, it holds
ϕ = ϕε goes to the identity when ε→ 0.
By hypothesis, F has a Small horseshoeΛ. We consider a natural number ℓ such that Fℓ|Λ
is conjugated to the full shift of d symbols with d ≥ k + 1 and we take R1, . . . ,Rd rectangles
in the ambient manifold N such that {R1 ∩ Λ, . . . ,Rd ∩ Λ} is a Markov partition for F
ℓ|Λ.
Moreover, assume that for every unit vectors v and w in the stable and unstable direction of
Λ respectively it holds
µ ≤ ‖DFℓ(v)‖ ≤ ν and µ ≤ ‖DF−ℓ(w)‖ ≤ ν
for some positive constant µ ≤ ν ≤ να < 1/2 being α = log ν/ logµ ∈ (0, 1].
Wenowmodify f0 = F×id in f
ℓ−1
0
(Ri×M) to get a one-parameter family of diffeomorphisms
fε satisfying
f ℓε |Ri×M = F
ℓ × φi for i = 1, . . . , k
f ℓε |Ri×M = F
ℓ × ϕ for i = k + 1, . . . , d.
Note that the locally constant skew-product diffeomorphism f ℓε restricted to the setΛ×M is
conjugated to the partially hyperbolic symbolic skew-product
Ψε = τ ⋉ (φ1, . . . , φk, ϕ, . . . , ϕ) ∈ PHS
1,α
d
(M).
In fact, from Proposition A.2, for every small enough C1-perturbation g of fε, the iterate g
ℓ
has an invariant set ∆  Λ ×M such that gℓ|∆ is conjugated with a S
1,α-perturbation Ψgℓ of
Ψε.
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Observe that Ψε satisfies the assumptions in Proposition 5.2: the maps φi have the the
covering properties in the regions Bcs,Bcu, and the transition maps between these domains
are created via the map ϕ and using the hypothesis that Ws(p, hε) ⋔ W
u(q, hε) , ∅. Then
the symbolic skew-product Ψε has a S
1,α-robust symbolic cycle associated with symbolic
blenders.
Hence, according to Proposition A.2, using the conjugation, f ℓε has a C
1-robust cycle
associated with hyperbolic sets Γcsε and Γ
cu
ε for f
ℓ
ε that come from the symbolic blenders. To
compute the co-index of this cycle note that the (stable) indices of Γcsε and Γ
cu
ε are, respectively,
Ind(Λ) + dim(M) and Ind(Λ). Thus, the co-index of the heterodimensional cycle is equal to
the dimension ofM.
The one-parameter family may be taken so that the same conclusions of a heterodimen-
sional cycle with the above co-index between two hyperbolic sets can be made for the map
fε. This ends the proof of the theorem. 
5.2. Robust mixing: proof of Theorem B. Wewill build robustly mixing examples of sym-
bolic skew-products. One of the classical ways to create robustly transitive diffeomorphisms
is to construct a map that robustly has a hyperbolic periodic point with dense stable and
unstable manifolds. Hence, using the inclination lemma (or λ-lemma) one concludes the the
diffeomorphism is robustly topologically mixing. We will do the same here for the symbolic
case in the following theorem.
Theorem 5.7. Let Φˆ ∈ PHS1,α
d
(M) be a one-step map with d > k. Assume that the restriction
Φ = Φˆ|Σk×M = τ ⋉ (φ1, . . . , φk)
has a symbolic cs-blender Γcs
Φ
⊂ Σk ×M whose superposition domain contains an open set B ⊂ M
satisfying that B ⊂ φ1(B) ∪ · · · ∪ φk(B).
Assume that there exists an attracting fixed point of φ1 and a repelling fixed point of φk+1, both in
B, having respectively stable and unstable manifold C1-robustly dense in M.
Then, there exists a fixed point (ϑ, p) ∈ Γcs
Φ
for Φˆ such that its stable and unstable sets,
Ws((ϑ, p); Φˆ) and Wu((ϑ, p); Φˆ),
are S1,α-robustly dense on Σd ×M. Consequently Φˆ is S
1,α-robustly topologically mixing.
The next sequence of propositions are necessarily to prove the above theorem. The first
proposition shows how to enlarge the topological dimension of the closure of the strong
unstable set of a blender via a fiber-repelling fixed point. Compare to [BDV05, Lemma 6.12].
Proposition 5.8 (Blender activation). Let Φˆ ∈ PHS0,α
d
(M) be a one-step map in the hypothesis of
Proposition 4.7. Assume that there exists a fiber-repelling fixed point (υ, q) of Φˆ in Σd × B. Then for
every small enough S0,α-perturbation Ψˆ of Φˆ it holds that
Wu((υ, qΨˆ); Ψˆ) ⊂W
uu(Γcs
Ψ
; Ψˆ)
where Γcs
Ψ
is continuation of Γcs
Φ
forΨ = Ψˆ|Σk×M.
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Proof. Assume that Φˆ satisfies the global domination να < λ < 1 < β < ν−α. Consider a small
S0,α-neighborhoodV of Φˆ such that for every Ψˆ ∈ V Cνα < δwhereC = CΨˆ(1−λ
−1να)−1 and
δ > 0 is given in Proposition 4.7. Moreover, we can take δ small enough such that B2δ(q) ⊂ B.
Let Ψˆ ∈ V and consider (ξ, x) ∈ Wu((υ, qΨˆ); Ψˆ). Let V be an open neighborhood of (ξ, x).
In order to prove the proposition we need to show that the global strong unstable set of Γcs
Ψ
meets V. Since Ψ−n(ξ, x) converges to (υ, qΨˆ) ∈ Σd × B then for n large enough we have that
Bδ(Ψ
−n(ξ, x)) ⊂ Σk × B. Now, we define
hn : W
s
loc(τ
−n(ξ); τ)→M, hn(ζ) = P ◦ Ψˆ
−n(τn(ζ), x) = ψ−n
τn−1(ζ)
(x).
Let Hn be the graph set of hn and notice that for n large
Hn ⊂ Ψ
−n((Wsloc(ξ; τ) × {x}) ∩ V).
Claim 5.9. For n large enough, Hn is a δ-horizontal disk in Σd × B.
Proof. Let ζ, ζ′ ∈Ws
loc
(τ−n(ξ); τ) be two bisequences with dΣd (ζ, ζ
′) = νl. Applying Lemma 4.2
to τn(ζ), τn(ζ′) and the point x, we obtain
‖hn(ζ) − hn(ζ
′)‖ = ‖ψ−n
τ−1(τn(ζ))
(x) − ψ−n
τ−1(τn(ζ′))
(x)‖
≤ CΨν
α((n+l)−n)
n−1∑
j=0
(λ−1να) j
< ναlCΨˆ(1 − λ
−1να)−1 = CdΣd (ζ, ζ
′)α.
Hence, from the choice of δ we have proved that hn is (α,C)-Hlder continuous map with
Cνα < δ. On the other hand, for n large enough Hn ⊂ Σd × B and therefore we conclude the
proof of the claim. 
From the above claim and Proposition 4.7, for n large enough,
Wuuloc(Γ
cs
Ψ; Ψˆ) ∩Hn , ∅.
This implies that
∅ ,Wuu(Γcs
Ψ
; Ψˆ) ∩Ψn(Hn) ⊂W
uu(Γcs
Ψ
; Ψˆ) ∩ (Wsloc(ξ; τ) × {x}) ∩ V
and completes the proof of the proposition. 
The following lemma shows how to construct a one-step map having fixed points with
the stable or unstable set robustly dense.
Lemma 5.10. Let Φ = τ ⋉ φξ ∈ PHS
1,α
d
(M) be a one-step skew-product map with a fiber-
repelling/attracting fixed point (υ, q) such that the unstable/stable manifold of q for φυ is C
1-robustly
dense in M. Then the unstable/stable set of (υ, q) for Φ is S1,α-robustly dense in Σd ×M.
Proof. Consider aS1,α-perturbation Ψˆ = τ⋉ψξ of Φˆ. Wewill prove that the unstable set of the
fiber-repelling fixed point (υ, qΨˆ), continuation of (υ, p) for Ψˆ, is dense in Σd ×M. Similarly
follows for the case of the fiber-attracting fixed point and its stable set.
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Let C × V be any basic open set in Σd ×M. By the density of the unstable set of υ for τ on
Σd, there exists ξ ∈ C ∩W
u(υ; τ) and so for n large enough τ−n(ξ) is close to υ. For the fiber
maps ψζ with ζ close enough to υ, there exists the fiber-repelling fixed point qΨˆ, ζ, which is
the continuation of qΨˆ.
Let V˜ be the closure of a non-empty open set in V. Fixing n, observe that for every m ≥ 1
it holds that
ψ−m−n
τ−1(ξ)
(V˜) = ψ−1τ−m(τ−n(ξ)) ◦ · · · ◦ ψ
−1
τ−1(τ−n(ξ))
◦ ψ−n
τ−1(ξ)
(V˜)
where ψτ−i(τ−n(ξ)) is C
1-close to ψυ and thus also to φυ. Since by hypothesis the unstable
manifold of q for φυ is C
1-robustly dense inM, the same holds for the fixed point qΨˆ, τ−i(τ−n(ξ))
with respect to the maps ψτ−i(τ−n(ξ)).
By the continuous dependence of compact pieces of the unstable manifold with respect
to the fiber diffeomorphisms, we may assume that for all m ≥ 1, the unstable manifold of
qΨˆ, τ−m(τ−n(ξ)) intersects ψ
−n
τ−1(ξ)
(V˜).
Thus for each m ≥ 1 there is the point xm which belongs to the intersection
ψ−n
τ−1(ξ)
(V˜) ∩Wu(qΨˆ, τ−m(τ−n(ξ));ψτ−m(τ−n(ξ))).
Since V˜ is closedwemay assume that the sequence {xm} converges to a point x in ψ
−n
τ−1(ξ)
(V˜) ⊂
ψ−n
τ−1(ξ)
(V). By the Ho¨lder continuity of fiber maps on the base sequence, qΨˆ,τ−m(τ−n(ξ)) tends to
qΨ, and then it is not hard to show that Ψˆ
−m−n(τ−n(ξ), x) goes to (υ, qΨˆ) as m→∞. Thus
Ψˆn(τ−n(ξ), x) ∈ (C × V) ∩Wu((υ, qΨˆ); Ψˆ),
concluding the proof of the lemma. 
The following proposition demonstrates how to create a symbolic cs-blender with a dense
strong unstable set.
Proposition 5.11. Let Φˆ ∈ PHS1,α
d
(M) be a one-step in the hypothesis of Proposition 4.7 with
d > k. Assume that the fiber map φk+1 has a repelling fixed point in B with the unstable manifold
C1-robustly dense on M. Then for every small enough S1,α-perturbation Ψˆ of Φˆ it holds that
Wuu(Γcs
Ψ
; Ψˆ) = Σd ×M
where Γcs
Ψ
is the continuation of Γcs
Φ
forΨ = Ψˆ|Σk×M.
Proof. Let q ∈ B be the repelling fixed point of φk+1. Observe that (υ, q) is a fiber-repelling
fixed point of Φˆ in Σd × B where υ = (υi)i∈Z ∈ Σd is the bi-sequence with υi = k + 1 for all
i ∈ Z. By Proposition 5.8 it follows that for every small enough S1,α-perturbation Ψˆ of Φˆ,
Wu((υ, qΨˆ); Ψˆ) ⊂W
uu(Γcs
Ψ
; Ψˆ)
By Lemma 5.10,Wu((υ, qΨˆ); Ψˆ) is dense in Σd×M implying the density of the strong unstable
set of Γcs
Ψˆ
for Ψˆ. 
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Lemma 5.12. Consider a symbolic skew-product Φˆ ∈ PHS0,α
d
(M) and let Γ ⊂ Σd ×M be a Φˆ-
invariant set such that
Γ ⊂Wuu((ϑ, p); Φˆ)
where (ϑ, p) is a fixed point of Φˆ. Then Wuu(Γ; Φˆ) ⊂Wuu((ϑ, p); Φˆ).
Proof. Consider (ξ, x) ∈ Wuu(Γ; Φˆ) and let V be an open neighborhood of (ξ, x). In order to
prove the lemma we need to show that the strong unstable set of the fixed point (ϑ, p) meets
V. Since (ξ, x) belongs to the global strong unstable set of Γ and Γ is Φˆ-invariant set then
there are n ∈N and (ζ, z) ∈ Γ such that Φˆ−n(ξ, x) ∈Wuu
loc
((ζ, z); Φˆ). Hence
Φˆ−n(V) ∩Wuuloc((ζ, z); Φˆ) , ∅. (5.2)
Since the global strong unstable set of (ϑ, p) lies densely in Γ then there exists a sequence
((ξ(k), x(k)))k ⊂W
uu((ϑ, p); Φˆ) converging to (ζ, z).
According to Proposition 2.1, the local strong unstable set Wuu
loc
((ξ, x); Φˆ) varies continu-
ously with respect to (ξ, x) and soWuu
loc
((ξ(k), x(k)); Φˆ) converges toWuu
loc
((ζ, z); Φˆ). Since Φˆ−n(V)
is an open set in Σd ×M, then this convergence and (5.2) imply that for k large enough
Φˆ−n(V) ∩Wuuloc((ξ
(k), x(k)); Φˆ) , ∅.
Therefore,
∅ , V ∩ Φˆn(Wuuloc((ξ
(k), x(k)); Φˆ)) ⊂ V ∩Wuu((ϑ, p); Φˆ),
completing the proof of the lemma. 
Now, we are ready to give the proof of Theorem 5.7.
Proof of Theorem 5.7. Let us denote by (ϑ, p) and (υ, q), respectively, the fiber-attracting and
fiber-repelling fixed points of Φˆ in Σd × B where the bi-sequences ϑ = (ϑi)i∈Z and υ = (υi)i∈Z
are given by ϑi = 1, υi = k + 1 for all i ∈ Z. Observe that (ϑ, p) belongs to Γ
cs
Φ
.
Since by hypothesis the stable manifold of p for φ1 is C
1-robustly dense on M, then we
can apply Lemma 5.10 to conclude that the stable set of (ϑ, p) for Φˆ is S1,α-robustly dense on
Σd ×M.
Moreover, from Theorem 2.3, (see also Proposition B.6), it holds that the strong unstable
set lies S1,α-robustly dense in Γcs
Φ
. Therefore, by Lemma 5.12 it follows that
Wuu(Γcs
Φ
; Φˆ) ⊂Wu((ϑ, p); Φˆ)
in a S1,α-robust sense.
By Proposition 5.11, the strong unstable set of Γcs
Φ
for Φˆ is S1,α-robustly dense on Σd ×M
and thuswe obtain that the unstablemanifold of (ϑ, p) also liesS1,α-robustly dense inΣd×M.
Therefore both the stable and unstable sets of (ϑ, p) are S1,α-robustly dense in Σd ×M.
In order to conclude the proof of the theorem we need to prove that Φˆ is S1,α-robustly
topologically mixing. Let Ψˆ = τ ⋉ ψξ be a perturbation of Φˆ and (ϑ, pΨˆ) the continuation of
SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS 27
the fixed point (ϑ, p). Consider a pair of open sets Uˆ and Vˆ in Σd ×M. By the density of the
stable and unstable sets of (ϑ, pΨˆ) for Ψˆ, we can take two points
(η, y) ∈Ws((ϑ, pΨˆ); Ψˆ) ∩ Uˆ and (ζ, z) ∈W
u((ϑ, pΨˆ); Ψˆ) ∩ Vˆ.
Fix ε > 2ǫ > 0 small enoughand assume that Ψˆ belongs to a small perturbative neighborhood
of Φˆ such that CΨˆ(1 − λ
−1να)−1 < ǫ and
Wuu
loc
((ξ, x); Ψˆ) ⊂ Σd × Bε(pΨˆ) for all (ξ, x) ∈ Σd × Bǫ(pΨˆ). (5.3)
Since (ζ, z) belongs to the unstable set of (ϑ, pΨˆ) and by Lemma 4.2, it follows that for every
n large enough and ξ ∈Ws
loc
(ζ; τ) with dΣd (ξ, ζ) ≤ ν
n we have that
‖ψ−n
τ−1(ξ)
(z) − pΨˆ‖ ≤ ‖ψ
−n
τ−1(ξ)
(z) − ψ−n
τ−1(ζ)
(z)‖ + ‖ψ−n
τ−1(ζ)
(z) − pΨˆ‖
≤ CΨˆ(1 − λ
−1να)−1 + ǫ < 2ǫ < ε.
By continuity, we can take an open set V in M and a cylinder C in Σd around of ζ of large
enough length n such that C × V ⊂ Vˆ and
Wsloc(τ
−n(ζ); τ) × Bε(pΨˆ) ⊂ Ψˆ
−n((Wsloc(ζ; τ) ∩ C) × V) ⊂ Ψˆ
−n(Vˆ).
On the other hand, since (η, y) belongs to the stable set of (ϑ, pΨˆ) it follows that ψ
m
η (y) ∈
Bǫ(pΨˆ) for all m large enough. Hence, (5.3) implies that for every m large enough
∅ ,Wuuloc(Ψˆ(η, y); Ψˆ) ∩ (W
s
loc(τ
−n(ζ); τ) × Bε(pΨˆ))
⊂ Ψˆm(Wuuloc((η, y); Ψˆ) ∩ Uˆ) ∩ Ψˆ
−n(Vˆ).
Therefore, for all n and m large enough Ψˆn+m(Uˆ) ∩ Vˆ , ∅, proving that Ψˆ is topologically
mixing. 
Observe that diffeomorphisms that have fixed points with robustly dense stable/unstable
manifolds can be constructed on any manifold M by perturbations of time-one maps of
gradient-like vector fields. This completes our objective in building robustly mixing ex-
amples in the set of symbolic skew-products (compare to [Hom12, Lemma 4.1] and the
application in [HN11]). Lastly we conjugate these examples with partially hyperbolic sets
on manifolds.
Proof of Theorem B . The construction of an arc of diffeomorphisms on N ×M with robustly
topologically mixing non-hyperbolic sets is similar to the proof of Theorem A. Thus we will
just note the main differences.
As in TheoremA, wemodify f0 = F× id to get a one-parameter family of diffeomorphisms
fε satisfying
f ℓε |Ri×M = F
ℓ × φi for i = 1, . . . , k
f ℓε |Ri×M = F
ℓ × ϕ for i = k + 1, . . . , d
The maps φi = φi, ε for i = 2, . . . , k are obtained from Lemma 5.6 as small translations (on
local coordinates) of a C1-perturbation φ1 = φ1, ε of the identity map with an attracting fixed
point pwith unstable manifold C1-robustly dense inM.
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Moreover, the the iterated function system generated by φ1, . . . , φk satisfies the covering
property in an open set Bcs with p ∈ Bcs. The map ϕ = ϕε is a C
1-perturbation of id with a
repelling fixed point in Bcs whose unstable manifold is C
1-robustly dense onM.
Notice that the restriction of f ℓε to Λ ×M is conjugated to
Φε = τ ⋉ (φ1, . . . , φk, ϕ, . . . , ϕ) ∈ PHS
1,α
d
(M).
This partially hyperbolic one-step satisfies the assumptions in Theorem 5.7 and thus Φε is
S1,α-robustly topologically mixing. By Proposition A.2, via the conjugation, it follows that
f ℓε |Λ×M is C
1-robustly topologically mixing and thus the same holds for fε|Λ×M.
To show that Λ × M and its continuations ∆g (for small C
1-perturbation g of fε) are
non-hyperbolic sets, let us observe that the map Φε by construction has fiber-repelling and
fiber-attracting fixed points. Therefore, via the conjugation, the topologically mixing sets ∆g
on the manifold N ×M will have periodic points of (stable) index Ind(Λ) + dim(M) and of
index Ind(Λ), thus proving the non-hyperbolicity of these sets.
This completes the proof of the last theorem. 
Appendix A. Reduction to perturbations of symbolic skew-products
In this appendix we will explain how to go from partially hyperbolic diffeomorphisms to
symbolic skew-products.
Let F be a C2-diffeomorphism of N with a horseshoe Λ ⊂ N of d-legs which has a DF-
invariant splitting of the tangent bundle
TΛN = E
s
Λ
⊕ Eu
Λ
such that in a Riemannian metric on N there is 0 < µ < ν < 1 satisfying
µ ≤ ‖DzF(v)‖ ≤ ν and µ ≤ ‖DzF
−1(w)‖ ≤ ν
for all unit vectors v ∈ Esz, w ∈ E
u
z and z ∈ Λ. We assume that E
s
Λ
, Eu
Λ
are trivial product
bundles. Both, the above assumption and the extra regularity of F, are technical conditions
necessary for the main result in [IN12], but it is conjectured that it holds without them
(see also [Gor06, PSW12]). This result is our main tool to prove the next proposition (see
Proposition A.2).
Let f be a C1 skew-product diffeomorphism over F defined as
f : N ×M→ N ×M, f (z, x) = (F(z), φ(z, x)) (A.1)
whereφ(z, ·) : M→ M is a family ofC1-diffeomorphisms such that there are positive numbers
γ and γˆ satisfying
γ < ‖Dzφ(z, ·)v‖ < γˆ
−1 for all unit vector v ∈ TzM and z ∈ Λ. (A.2)
We will assume that the skew-product diffeomorphism (A.1) satisfies that
ν + L f < ν
−1 and ν < γ < γˆ−1 < ν−1 (A.3)
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where for a fixed δ > 0 small enough
L f = sup
x∈M
{ ‖φ±1(z, x) − φ±1(z′, x)‖
dN(z, z′)
: z, z′ ∈ Λ, 0 < dN(z, z
′) < δ
}
≥ 0.
We say that L f is the local Lipschitz constant of f (or f
−1). The inequalities (A.3) are calledmod-
ified dominated splitting condition in [IN12]. The first inequality is clearly verified if L f = 0.
The other inequalities are the dominated conditions in the definition of partial hyperbolicity.
Definition A.1. A skew-product diffeomorphism f as (A.1) is said to be locally constant if L f = 0.
Partial hyperbolic locally constant skew-product diffeomorphismsover ahorseshoe satisfy
the modified dominated splitting condition (A.3). Modified dominated splitting condition
is a C1-open condition since the same property is satisfied for any diffeomorphism C1-
close. However, a C1-close diffeomorphism g of f is a priori not a skew-product. Under
the assumptions (A.3), from Hirsch-Pugh-Shub theory [HPS77] or from the recent works
of [Gor06, IN12, PSW12] it follows that g is topologically conjugated to a skew-product. We
will explain more about this.
Proposition A.2. Let f be a C1-skew-product diffeomorphism as (A.1) satisfying (A.2) and (A.3).
Then given ε > 0 small enough, any ε-perturbation g of f in the C1-topology has a locally maximal in-
variant set∆ ⊂ N×Mhomeomorphic toΛ×Msuch that g|∆ is conjugated to a symbolic skew-product
Ψg ∈ PHS
1,α
d
(M)
with α = log ν/ logµ > 0 and local Ho¨lder constant CΨg = L f +O(ε).
Remark A.3. In the special case of f = F × id, from [Gor06, Theorem B], the above Propo-
sition A.2 holds without both technical assumptions, the extra regularity of the base map F
and the trivialization of the vector bundles.
Proof of Proposition A.2. For each z ∈ Λ we consider the fiber Lz = {z} ×M. The collection L
of these fibers is an invariant lamination of f . In [HPS77, Theorems 7.1] and also in [IN12,
Theorem A] and [PSW12, Theorem C] it is showed that this lamination is C1-persistent.
The C1-persistence of such lamination means that for any C1-perturbation of f , there exists
a lamination, C1-close to L, which is preserved by the new dynamics, and such that the
dynamics induced on the space of the leaves remains the same.
Given ε > 0 small enough we take g a C1-diffeomorphism ε-close to f in the C1-topology.
Note that,
g(z, x) = (F˜(z, x), φ˜(z, x)), (z, x) ∈ N ×M
where φ˜(z, ·) : M→ M is also a C1-diffeomorphism such that
γ ‖x − x′‖ < ‖φ˜(z, x) − φ˜(z, x′)‖ < γˆ−1 ‖z − x′‖ (A.4)
for all x, x′ ∈M and z in a neighborhood of Λ.
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For each z ∈ Λ, the fiberWσ(z), continuation of Lz for g is parametrized by the graph of a
C1-map Q(z, ·) : M→M×N. According to [IN12, Theorem A] and since g is ε-close to f , we
get
dN(Q(z, x),Q(z, x
′)) ≤ O(ε) ‖x − x′‖, (A.5)
dC0 (Q(z, ·), z) ≤ O(ε). (A.6)
For C1 maps, the C0 norm of the first derivative is equal the best Lipschitz constant. Hence,
the above inequalities show that dC1 (Q(z, ·), z) ≤ O(ε).
Let
∆ =
⋃
z∈Λ
Wσ(z) ⊂M ×N.
By sendingWσ(z) to z we may define a continuous projection P : ∆→ N such that P(∆) = Λ
and F|Λ ◦ P = P ◦ g. Moreover,
h : ∆→ Λ ×M, h(z, x) = (P(z, x), x)
is an homeomorphism whose inverse is h−1(z, x) = (Q(z, x), x). Let
g˜ = h ◦ g|∆ ◦ h
−1 : Λ ×M→ Λ ×M.
Observe that
g˜(z, x) = (P ◦ g ◦ h−1(z, x), φ˜ ◦ h−1(z, x))
= (F|Λ ◦ P ◦ h
−1(z, x), φ˜(Q(z, x), x)) = (F(z), ψ(z, x)).
Thus, g˜ is a skew-product diffeomorphism defined on Λ × M which is conjugated to g|∆
by means of the conjugation h. Since for each z ∈ Λ the map ψ(z, ·) is a composition of
C1-maps, then it is a C1-map. In addition, we can easily check that the rate of contraction
and expansion of these maps are uniformly close to γˆ−1 and γ respectively. Indeed,
‖ψ(z, x) − ψ(z, x′)‖ ≤
≤ ‖φ˜(Q(z, x), x) − φ˜(Q(z, x), x′)‖ + ‖φ˜(Q(z, x), x′) − φ˜(Q(z, x′), x′)‖.
By means of (A.4) and (A.5) it follows that
‖ψ(z, x) − ψ(z, x′)‖ < γˆ−1‖x − x′‖ +O(ε)‖x − x′‖ ≤ (γˆ−1 +O(ε))‖x − x′‖.
In the same way one obtains that
‖ψ(z, x) − ψ(z, x′)‖ ≥ |γ −O(ε)| ‖x − x′‖.
Taking ε > 0 small enough we can assume γˆ−1 and γ remain, respectively, the rates of
contraction and expansion for ψ(z, ·). This calculation shows that the derivatives of ψ(z, ·)
and φ(z, ·) are O(ε)-close. Moreover, since Q(z, ·) is C1-close to the constant function x 7→ z, it
follows that ψ(z, ·) and φ(z, ·) are O(ε)-close. Consequently dC1 (ψ(z, ·), φ(z, ·)) ≤ O(ε).
Although for each z ∈ Λ the maps ψ(z, ·) are C1-diffeomorphisms, the map g˜ is not nec-
essarily a C1-diffeomorphism since h is not a C1-conjugation. However, according to [IN12,
Theorem A] it follows that both h and h−1 are locally α-Ho¨lder continuous maps with
SYMBOLIC BLENDER-HORSESHOES AND APPLICATIONS 31
α = log ν/ logµ > 0. Thus, the function ψ = πM ◦ g ◦ h
−1 is locally α-Ho¨lder continuos with
respect to the base points: if dN(z, z
′) < δ it holds that
dC0 (ψ(z, ·), ψ(z
′, ·)) ≤ Lg dC0 (h
−1(z, ·), h−1(z′, ·)) ≤ LgChdN(z, z
′)α
where Lg and Ch are the local Lipschitz and α-Ho¨lder constants of g and h respectively.
Recall that F|Λ is conjugated to the Bernoulli shift τ : Σd → Σd. Let ℓ : Σd → Λ be the
topological conjugation: τ = ℓ−1 ◦ F|Λ ◦ ℓ. Consider Σd with the metric given in (1.2), then
from [Gor06, Theorem 2.3] and [BGMV03] it follows that ℓ is a Lipschitz map. That is
dM(ℓ(ξ), ℓ(ξ
′)) ≤ Lℓ dΣd (ξ, ξ
′).
Therefore, we obtain that g˜ is conjugated to a locally α-Ho¨lder symbolic skew-product
map
Ψg : Σd ×M→ Σd ×M, Ψg(ξ, x) = (τ(ξ), ψξ(x)),
where ψξ = ψ(ℓ(ξ), ·) : M → M is a (γ, γˆ
−1)-Lipschitz C1-diffeomorphism with the local
Ho¨lder constant CΨg = LgChL
α
ℓ
≥ 0 and α = log ν/ logµ > 0.
The same arguments work for a small perturbation g−1 of f−1 and therefore the inverse
mapΨ−1g is also a skew-product with the same Ho¨lder exponent 0 < α ≤ 1 and local Ho¨lder
constant CΨ ≥ 0.
To end the proof we need to show that CΨg = L f +O(ε). To do this note that Lg is the local
Lipschitz constant of g (or g−1) i.e.,
Lg = sup{
d(g(z, x), g(z′, x′))
d((z, x), (z′, x′))
: (z, x), (z′, x′) ∈ ∆, dN(z,
′ z) < δ}
and then Lg = L f +O(ε). Also, the local Ho¨lder constant Ch of h (or h
−1) varies continuosly
with h that in turn depends continuously on g. In fact, in view of (A.6) we get that h and
h−1 are close to the identity and so ChL
α
ℓ
= 1 +O(ε). Thus, CΨg = LgChL
α
ℓ
= L f +O(ε), which
concludes the proof of the proposition. 
Note that the above result also holds if f is only defined locally as a skew-product dif-
feomorphism over the rectangles coming from a Markov partition of Λ. This fact is used
to define locally constant skew-product diffeomorphisms in the proof of Theorem A and
Theorem B.
Appendix B. Proof of Theorem 2.3
In this appendix we complete the details of the proof of Theorem 2.3.
Next result claims the existence of a “unique invariant attracting graph” on Σk×D forΦ ∈ S.
Indeed these graphs depend continuously on Φ. The theorem below is a reformulation of
the results in [HPS77] (see also [Sta99, Theorem 1.1] and [BHN99, Section 6] for Item (iii)).
Given a function g : Σk → D its graph map is defined by
graph[g] : Σk → Σk ×M, graph[g](ξ) =
(
ξ, g(ξ)
)
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and its graph set by Γg
def
= image
(
graph[g]
)
= {(ξ, g(ξ)) : ξ ∈ Σk} ⊂ Σk ×D.
Theorem B.1 ([HPS77, Sta99, BHN99]). Consider Φ = τ ⋉ φξ ∈ S with β < 1 and α ≥ 0. Then
there exists a unique bounded continuous function gΦ : Σk → D such that
i) Φ
(
ξ, gΦ(ξ)
)
=
(
τ(ξ), gΦ ◦ τ(ξ)
)
, for all ξ ∈ Σk, that is, Φ(ΓgΦ) = ΓgΦ ,
ii) for every (ξ, x) ∈ Σk ×D and n ≥ 0, it holds
‖φnξ(x) − gΦ(τ
n(ξ))‖ ≤ βn‖gΦ(ξ) − x‖,
iii) the map L : S → C0(Σk,D) given by L(Φ) = gΦ is continuous.
For notational simplicity in what follows we just write ΓΦ in place of ΓgΦ to denote the
unique contracting invariant graph set. The next proposition shows that ΓΦ is the locally
maximal invariant set in Σk ×D and it is a consequence of previous theorem. This completes
the first item in Theorem 2.3.
Proposition B.2. Consider Φ = τ ⋉ φξ ∈ S with β < 1 and α ≥ 0. Then
i) the restriction Φ|ΓΦ of Φ to the set ΓΦ is conjugate to τ, and
ii) the graph set ΓΦ is the (forward) maximal invariant set in Σk ×D
ΓΦ =
⋂
n∈Z
Φn(Σk ×D) =
⋂
n∈N
Φn(Σk ×D).
The following proposition is a local version of Proposition 2.1.
Proposition B.3. Consider Φ = τ ⋉φξ ∈ S with β < 1, α > 0, and let ΓΦ be the maximal invariant
set of Φ in Σk ×D. Then, there exists a partition
Wu
ΓΦ
= {Wuuloc((ξ, x);Φ) : (ξ, x) ∈ ΓΦ}
of ΓΦ such that for every (ξ, x) ∈ ΓΦ it holds
i) Wuu
loc
((ξ, x);Φ) is the graph of an α-Ho¨lder map γu
ξ
: Wu
loc
(ξ; τ)→M,
ii) γu
ξ
(ξ) = gΦ(ξ) = x,
iii) γu
ξ
(ξ′′) = γu
ξ′
(ξ′′) for all ξ′, ξ′′ ∈Wu
loc
(ξ; τ),
iv) φ−1
τ−1(ξ′)
◦ γu
ξ
(ξ′) = γu
τ−1(ξ)
◦ τ−1(ξ′) where ξ′ ∈Wu
loc
(ξ; τ), and
v) Wuu
loc
((ξ, x);Φ) ⊂Wu((ξ, x);Φ).
Proof. Let (ξ, x) ∈ ΓΦ. Note that x = gΦ(ξ) and that (φ
n
τ−n(ξ)
)−1 = φ−n
τ−1(ξ)
, indeed:
φ−1τ−n(ξ) ◦ · · · ◦ φ
−1
τ−1(ξ)
◦ φτ−1(ξ) ◦ · · · ◦ φτ−n(ξ) = φ
−n
τ−1(ξ)
◦ φnτ−n(ξ) = id.
We define a sequence of maps γu,n
ξ
: Wu
loc
(ξ; τ)→M by
γu,n
ξ
(ξ′) = φnτ−n(ξ′) ◦ (φ
n
τ−n(ξ))
−1(x) = φnτ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ).
Note that {γu,n
ξ
} is a sequence in the complete metric space C0(Wu
loc
(ξ; τ),M).
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Lemma B.4. The sequence {γu,n
ξ
} is Cauchy sequence and so it converges to some continuous map
γu
ξ
: Wu
loc
(ξ; τ)→ M.
Proof. Since β, ν < 1, to prove the first part in the lemma it is enough to see that
‖γu,n+1
ξ
(ξ′) − γu,n
ξ
(ξ′)‖ ≤ CΦ(βν
α)n+1 dΣk (ξ, ξ
′)α. (B.1)
To prove this inequality first recall notation in (1.4) and observe that Item (i) of Theorem B.1
implies that for every n > 0 and ξ ∈ Σk
φnξ ◦ gΦ(ξ) = gΦ ◦ τ
n(ξ) and φ−n
τ−1(ξ)
◦ gΦ(ξ) = gΦ ◦ τ
−n(ξ). (B.2)
Since φξ(D) ⊂ D for all ξ ∈ Σk, then for every 0 < i ≤ n
φn−iτ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ) = φ
n−i
τ−n(ξ′) ◦ gΦ ◦ τ
−n(ξ) ∈ D.
To prove the inequality in (B.1), observe that ‖γu,n+1
ξ
(ξ′) − γu,n
ξ
(ξ′)‖ is equal to
‖φn+1
τ−n−1(ξ′)
◦ φ−n−1
τ−1(ξ)
◦ gΦ(ξ) − φ
n
τ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ)‖
≤ βn‖φτ−n−1(ξ′) ◦ φ
−1
τ−n−1(ξ)
◦ φ−n
τ−1(ξ)
◦ gΦ(ξ)−
φτ−n−1(ξ′) ◦ φ
−1
τ−n−1(ξ′)
◦ φ−n
τ−1(ξ)
◦ gΦ(ξ)‖
≤ βn+1‖φ−1
τ−n−1(ξ)
◦ φ−n
τ−1(ξ)
◦ gΦ(ξ) − φ
−1
τ−n−1(ξ′)
◦ φ−n
τ−1(ξ)
◦ gΦ(ξ)‖.
As φ−n
τ−1(ξ)
◦ gΦ(ξ) ∈ D, then local Ho¨lder continuity implies
‖γu,n+1
ξ
(ξ′) − γu,n
ξ
(ξ′)‖ ≤ βn+1 CΦ dΣk
(
τ−n−1(ξ), τ−n−1(ξ′)
)α
≤ CΦ(βν
α)n+1 dΣk(ξ, ξ
′)α.
The proof of the lemma is now complete. 
To prove thatWu
ΓΦ
is a partition of ΓΦ we need to show thatW
uu
loc
((ξ, x);Φ) is contained in
ΓΦ for all (ξ, x) ∈ ΓΦ. To do this let
(ξ′, x′) = (ξ′, γuξ(ξ
′)) ∈Wuuloc((ξ, x);Φ).
From (B.2) and noting that x = gΦ(ξ) we have that
‖gΦ(ξ
′) − γuξ(ξ
′)‖ = lim
n→∞
‖φnτ−n(ξ′) ◦ gΦ ◦ τ
−n(ξ′) − φnτ−n(ξ′) ◦ gΦ ◦ τ
−n(ξ)‖.
Since themaps φξ are β-contractions and gΦ : Σk → D, if K is an upper bound of the diameter
of Dwe get that
‖gΦ(ξ
′) − γuξ(ξ
′)‖ ≤ lim
n→∞
βn‖gΦ ◦ τ
−n(ξ′) − gΦ ◦ τ
−n(ξ)‖ ≤ lim
n→∞
Kβn = 0.
Thus gΦ(ξ
′) = γu
ξ
(ξ′) = x′ and so (ξ′, x′) ∈ ΓΦ. That is,
Wuuloc((ξ, x);Φ) ⊂ ΓΦ for all (ξ, x) ∈ ΓΦ.
Indeed, we have proved that γu
ξ
(ξ′) = gΦ(ξ
′) for all ξ′ ∈ Wu
loc
(ξ; τ), proving (ii). In
particular, γu
ξ
(ξ′′) = gΦ(ξ
′′) = γu
ξ′
(ξ′′) for all ξ′, ξ′′ ∈Wu
loc
(ξ; τ), which proves (iii).
34 BARRIENTOS, KI & RAIBEKAS
To prove that γu
ξ
is an α-Ho¨lder map (Item (i)) first note that by the triangle inequality
‖γu,n
ξ
(ξ′) − x‖ = ‖γu,n
ξ
(ξ′) − γu,n
ξ
(ξ)‖ ≤
n∑
i=1
si(ξ
′) (B.3)
where x = gΦ(ξ) and si(ξ
′) is given by
‖φn−i
τ−n+i(ξ′)
◦ φτ−n−1+i(ξ′) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)−
φn−i
τ−n+i(ξ′)
◦ φτ−n−1+i(ξ) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)‖.
Claim B.5. si(ξ
′) ≤ CΦ(βν
α)n−idΣk (ξ, ξ
′)α, for every i ∈ {1, . . . , n}.
We postpone the proof of this claim. Taking n→∞ in (B.3) we get
‖γuξ(ξ
′) − γuξ(ξ)‖ ≤ CγdΣk (ξ
′, ξ)α for all ξ′ ∈Ws
loc
(ξ; τ) ,
where Cγ = CΦ(1 − βν
α)−1, showing γu
ξ
is α-Ho¨lder. Indeed for ξ′, ξ′′ ∈ Wu
loc
(ξ; τ) observe
that γu
ξ
(ξ′) = γu
ξ′
(ξ′) and γu
ξ
(ξ′′) = γu
ξ′
(ξ′′). Thus
‖γuξ(ξ
′) − γuξ(ξ
′′)‖ = ‖γuξ′(ξ
′) − γuξ′(ξ
′′)‖ ≤ CγdΣk (ξ
′, ξ′′)α.
Note that the Ho¨lder constant obtained is uniform on ξ and x = gΦ(ξ).
Proof of Claim B.5. For every i ∈ {1, . . . , n}, we have that
si(ξ
′) = ‖φn−i
τ−n+i(ξ′)
◦ φτ−n−1+i(ξ′) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)−
φn−i
τ−n+i(ξ′)
◦ φτ−n−1+i(ξ) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)‖
≤ βn−i‖φτ−n−1+i(ξ′) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)−
φτ−n−1+i(ξ) ◦ φ
i−1
τ−n(ξ) ◦ φ
−n
τ−1(ξ)
(x)‖
≤ βn−i CΦ dΣk(τ
−n−1+i(ξ′), τ−n−1+i(ξ))α
≤ (β να)n−i CΦ dΣk (ξ
′, ξ)α,
where the first inequality follows from the β-contraction of φξ, and the second one from the
α-Ho¨lder continuity of φξ. 
This completes the proof of Item (i).
To prove Item (iv) observe that
φ−1
τ−1(ξ′)
◦ γuξ(ξ
′) = lim
n→∞
φ−1
τ−1(ξ′)
◦ φnτ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ)
= lim
n→∞
φ−1
τ−1(ξ′)
◦ φτ−1(ξ′) ◦ φ
n−1
τ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ)
= lim
n→∞
φn−1τ−n(ξ′) ◦ φ
−n
τ−1(ξ)
◦ gΦ(ξ)
= lim
n→∞
φn−1τ−n(ξ′) ◦ φ
−(n−1)
τ−2(ξ)
◦ φ−1
τ−1(ξ)
◦ gΦ(ξ)
= lim
n→∞
φn−1τ−n(ξ′) ◦ φ
−(n−1)
τ−2(ξ)
◦ gΦ ◦ τ
−1(ξ) (B.4)
= γu
τ−1(ξ)
◦ τ−1(ξ′),
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where equality (B.4) is consequence of (B.2): φ−1
τ−1(ξ)
◦ gΦ(ξ) = gΦ ◦ τ
−1(ξ).
Now we prove Item (v): Wuu
loc
((ξ, x);Φ) ⊂ Wu((ξ, x);Φ). Consider (ξ′, x′) ∈ Wuu
loc
((ξ, x);Φ).
Then ξ′ ∈Wu
loc
(ξ; τ) and x′ = γu
ξ
(ξ′). Thus,
d(Φ−n
(
ξ′, x′),Φ−n(ξ, x)
)
=
= dΣk (τ
−n(ξ′), τ−n(ξ)) + ‖φ−n
τ−1(ξ′)
(x′) − φ−n
τ−1(ξ)
(x)‖
≤ νndΣk (ξ
′, ξ) + ‖φ−n
τ−1(ξ′)
◦ γuξ(ξ
′) − φ−n
τ−1(ξ)
(x)‖.
(B.5)
Since (ξ, x) ∈ ΓΦ we have x = gΦ(ξ), and using that γ
u
τ−n(ξ)
◦ τ−n(ξ) = gΦ ◦ τ
−n(ξ) =
φ−n
τ−1(ξ)
(x) and φ−n
τ−1(ξ′)
◦ γu
ξ
(ξ′) = γu
τ−n(ξ)
◦ τ−n(ξ′) we get
‖φ−n
τ−1(ξ′)
◦ γuξ(ξ
′) − φ−n
τ−1(ξ)
(x)‖ =
= ‖γuτ−n(ξ) ◦ τ
−n(ξ′) − γuτ−n(ξ) ◦ τ
−n(ξ)‖ ≤ ναndΣk (ξ
′, ξ)α.
This implies (B.5)goes to zero asngoes to infinity and therefore (ξ′, x′) belongs toWu((ξ, x);Φ).
The proof of Item (v) and of the proposition is now complete. 
Recall that we denote by Per(Φ) the set of periodic points of Φ and that P : Σk ×M→ M
is the projection on the fiber space.
Proposition B.6. Consider Φ = τ ⋉ φξ ∈ S with β < 1, α > 0. Then
i) Wuu((ξ, x);Φ) =Wu
(
(ξ, x);Φ
)
⊂ ΓΦ for all (ξ, x) ∈ ΓΦ, and
ii) for all periodic point (ϑ, p) of Φ in Σk ×D
KΦ
def
= P
(
Per(Φ)
)
∩D = P
(
Wu((ϑ, p);Φ)
)
= P(ΓΦ) = gΦ(Σk).
Proof. To prove the inclusionWuu((ξ, x);Φ) ⊂Wu((ξ, x);Φ) for all (ξ, x) in ΓΦ, we take (ξ
′, x′) ∈
Wuu((ξ, x);Φ) and show that
lim
n→∞
d(Φ−n(ξ′, x′),Φ−n(ξ, x)) = 0. (B.6)
Since (ξ′, x′) ∈ Wuu((ξ, x);Φ), by definition there are m ∈ N and (ζ, z) ∈ Wuu
loc
(Φ−m(ξ, x);Φ)
such that (ξ′, x′) = Φm(ζ, z). Let (η, y) = Φ−m(ξ, x). Note that (η, y) ∈ ΓΦ, (ζ, z) ∈W
uu
loc
((η, y);Φ),
and
d(Φ−n(ξ′, x′),Φ−n(ξ, x)) = d(Φ−(n−m)(ζ, z),Φ−(n−m)(η, y)).
By Item (v) of Proposition B.3, we have that Wuu
loc
((η, y);Φ) ⊂ Wu((η, y);Φ) and thus it fol-
lows (B.6).
Let us prove the converse inclusion: if (ξ, x) ∈ ΓΦ thenW
u((ξ, x);Φ) ⊂ Wuu((ξ, x);Φ). Take
(ξ′, x′) ∈ Wu((ξ, x);Φ) and we have to show that there is m ∈ N such that Φ−m(ξ′, x′) ∈
Wuu
loc
(Φ−m(ξ, x);Φ). By definition of the unstable set,
lim
n→∞
dΣk(τ
−n(ξ′), τ−n(ξ)) = 0 and
lim
n→∞
‖φ−n
τ−1(ξ′)
(x′) − φ−n
τ−1(ξ)
(x)‖ = 0.
(B.7)
36 BARRIENTOS, KI & RAIBEKAS
Since (ξ, x) ∈ ΓΦ then φ
−n
τ−1(ξ)
(x) ∈ D for all n ≥ 0. Thus there exists m ∈N such that
τ−m(ξ′) ∈Wuloc(τ
−m(ξ); τ) and φ
−(n+m)
τ−1(ξ′)
(x′) ∈ D, for every n ≥ m.
Write (η, y) = Φ−m(ξ, x) ∈ ΓΦ and (η
′, y′) = Φ−m(ξ′, x′). Hence y = gΦ(η) andφ
n−i
τ−n(η)
◦φ−n
τ−1(η)
(y),
φn−i
τ−n(η′)
◦ φ−n
τ−1(η′)
(y′) belong to D for all 0 < i ≤ n. Recalling the definition of γuη and γ
u,n
η we
have that
‖y′ − γuη(η
′)‖ = lim
n→∞
‖φnτ−n(η′) ◦ φ
−n
τ−1(η′)
(y′) − φnτ−n(η′) ◦ φ
−n
τ−1(η)
(y)‖
≤ lim
n→∞
βn ‖φ−n
τ−1(η′)
(y′) − φ−n
τ−1(η)
(y)‖.
From (B.7) and since β < 1, we get this limit is zero and so y′ = γuη(η
′). That is Φ−m(ξ′, x′) ∈
Wuu
loc
(Φ−m(ξ, x);Φ) and therefore (ξ′, x′) ∈Wuu((ξ, x);Φ), concluding our assertion.
Note, we proved that Wuu((ξ, x);Φ) = Wu(ξ, x);Φ) for all (ξ, x) ∈ ΓΦ. Then by Proposi-
tion B.3,Wu(ξ, x);Φ) ⊂ ΓΦ ending the first item of the proposition.
To prove Item (ii), consider a periodic point ϑ ∈ Σk of τ and note thatW
u(ϑ; τ) and Per(τ)
are both dense in Σk. Using the conjugation in Proposition B.2 and item (i), we get
Per(Φ|ΓΦ) = ΓΦ =W
u
(
(ϑ, gΦ(ϑ));Φ
)
=Wuu
(
(ϑ, gΦ(ϑ));Φ
)
. (B.8)
If (ϑ, p) ∈ Σk × D is a periodic point of Φ, from the assumption φξ(D) ⊂ D, we have that
Φn(ϑ, p) ∈ Σk × D for all n ∈ Z. Moreover, since gΦ is the unique invariant graph of Φ
restricted to Σk ×D, by Item (ii) in Theorem B.1 we get p = gΦ(ϑ). From this,
Per(Φ|ΓΦ) = Per(Φ|Σk×D
) = Per(Φ) ∩ (Σk ×D). (B.9)
Recalling that KΦ is the closure of projection by P of the periodic points of Φ in D and since
the projection P is a closed map and Σk is a compact set, Equations (B.8) and (B.9) imply
that
P(ΓΦ) = P
(
Wu((ϑ, p);Φ)
)
= P
(
Per(Φ|ΓΦ)
)
= P
(
Per(Φ)
)
∩D
def
= KΦ.
Finally, by definition P(ΓΦ) = gΦ(Σk) and from the above equation KΦ = gΦ(Σk), completing
the proof. 
Observe that Proposition B.3 and B.6 provide the second and third items in Theorem 2.3.
Now we will show that KΦ depends continuously with respect to Φ. Consider the set K(D)
whose elements are the compact subsets of D endowed with the Hausdorffmetric
dH(A,B)
def
= sup{d(a,B), d(b,A) : a ∈ A, b ∈ B}, A, B ∈ K(D),
obtaining a complete metric space.
Define the map L : S → K(D) given by L (Φ)
def
= KΦ.
Proposition B.7. Consider Φ = τ ⋉ φξ ∈ S with β < 1, α ≥ 0. Then, for each ε > 0 there is δ > 0
such that for every Ψ = τ ⋉ ψξ ∈ S with
dC0 (φξ, ψξ) < δ it holds that dH(KΦ,KΨ) = dH(L (Φ),L (Ψ)) < ε.
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The above result follows from Proposition B.1 and the inequality
dH(KΦ,KΨ) = dH
(
gΦ(Σk), gΨ(Σk)
)
≤ dC0 (gΦ, gΨ).
This completes the proof of Theorem 2.3.
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